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λ∗ : Kg,1 → Z
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c2n(ξC, XC) = (−1)ne(ξ,X) ∪ e(ξ,X) ∈ H4n(B,L;Z).
8x~$~R8nt[y|Ï$~$w8J578nR8Xé´8xÓﬀ~t[yÓﬀ578n6x~$Ó7ﬀ8p8Û[y|Ó7R~$w}é´8Xﬀ89ﬂvx{zyR89v¹y|Ïyvx~R6xÏ$w?
~$w &uÓ789 ÏR8x{zy|~$w}é´89(:57Ó76x5757v98xÏR57VR8xÓﬀ{8x;8x5u~v98ﬀ5~57Ó7y|ÓﬀÏR57 U89Rw}5÷t[y|Ï
{zynRÓﬀw}~R8
A



















































&uÓ78¬v98x~!8x57R8xGﬀ{8/89$~;JÓﬀ5ﬀw , Óﬀ578/$~$Ï$Ó7vx~$ÓﬀÏR83ﬀ8>ÏRÓﬀtU838x~ &Ó&, w}{ﬀ6#75ﬀw}~!Óﬀ578
8~R8x57$w5¬v98x5u~$Ïy|{8(tUÓﬀÏ Mg,1 :
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kX(ϕψ) = kX(ϕ) + ϕ∗kX(ψ).
+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cX(ϕ,ψ) = −kX(ϕ) · ϕ∗kX(ψ).
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cX = 3τ + δdX .
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σr : Psu(M,X) → Z.




















y|tﬀt[y|Ï$~$w8x5~  Psu(M,X) 
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σr(M,αM ) = σr(N,αN )
yJ{wbtﬀÏRÓﬀw}~$ÓﬀÏ Hg,1 w}57Óﬀw}~5[y|~$ÓﬀÏR8x{}{8x;8x5~VÓﬀ578{w ﬀ8>ÏRÓﬀtb8$ÓﬀÏ ĤXg,1
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(∗) A 8ﬂtﬀ{}Ó7ﬃﬀÏR89$~$ÏR8xw}5~R8  Mg,1 
{Ý,-8~R8x57$w5¬v98x5u~$Ïy|{8
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ÌÈÇÈÎ }Ì RÙ   ﬂÌpËÌ ÜÌ ´ÌxÅ 
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Σg,1
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 , Óﬀ578G$~$Ï$Ó7vx~$ÓﬀÏR8( ,-0Óﬀ{8xÏÏR8x{zy|~$w}é´8Gy|w}57$w &uÓ&, Óﬀ578ﬂÓﬀ578(y|tﬀtﬀ{}wv¹y|~$w5
























ĉX : HEg,1 × HEg,1 → Z(
(M, EM ), (N, EN )
) 7→ −k̂X(M, EM ) ·M.k̂X(N, EN ).
ÌÈÇÈÎÚuÍ  $Ù   ﬂÌ xÚ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ÅRÌ  ÌÈá²ÌÈÍ[Î Ì Ù   ﬂÌ
cX
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vxw6
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wzyn{89V²y|tﬀtﬀw}5ﬀavxè{}w}57ÏR89 Mg,1 tU8xÓﬀ~ /x~$ÏR8ﬂéÓ¬v9p;8ﬂÓﬀ5
Ó7?Ý>ÏRÓﬀtb8Gﬀ8 Hg,1 A
´Ûﬀ57R5;yﬀ6#75ﬀwÓﬀ578 #7{}~$Ïy|~$w5;ÓJ>ÏRÓﬀtU8 Mg,1 &Ó78 +ﬂy|ÏRÓÒÝy|{}ww08x~^&8xéw}578
5u~*´6x576xÏy|{}w6 Hg,1 A tﬀÏ"9{89^y9é´w}Ï0ﬀ69vxÏ$w}~R89N57Ó7é´8xÏ$ÏR57 &uÓ78x{}{889$~*{zy{}w}pw}~R8
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%5 ﬀ~$w8x5~²y|w}57RwÓﬀ5 ;Ï$tﬀÛﬀw$;8÷v¹y|575ﬀw &uÓ78
Mg,1 →Mg RÓﬀÏÞ189vx~$w Òﬁ	 A
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I × S1 8x~V89$~Vﬀ6#75ﬀw*$ÓﬀÏ I × S1 v9p;8G7y|57{zy #7>ÓﬀÏR8 G A G t[y|ÏG:
I × S1 → I × S1
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*Ì!>Å1ÙÚNØﬀÌ÷ËÌaËÉ Æ$Ù>ÎÝÙÊØbÉÌÊÇ Mg,1 ÌÈÇÈÎ
ÌxÍﬁÌÈÍ]Ë>Å$ÆØ×Å ÌÊÇnÎ0ÉúÇÈÎâÇnËÌ XÌ Í }Ì }ÙÍﬁ3ËÌÊÇ
(3g − 1) RÙÚÅ RÌÊÇ 3ËuÌÊÇÇÈÉúÍbÆÌÊÇJÇÈÚuÅ
}× ÚÅ$Ì    

















































































































 ];?/A>d3  7 Mg,1 8?a5) pi1(Σg,1, ∗) > ∗ ∈ ∂Σg,1  &8÷>ÏRÓﬀtU8!Ò577y|;8x5u~y|{
F := pi1(Σg,1, ∗) ﬀ8 Σg,1 89$~a{}w}ﬀÏR83ﬀ8¬Ïy|5ﬀ 2g v957$wﬀ6xÏR57!{zy©[yR8 xi  yi 













#+9>&)917 ' 2' e   /079-08\793   Mg,1 ÌÊÇÈÎÉzÇ9Ùá;ÙÅPØ ÌJ×ÚﬃÇxÙ>ÚÇ$ Å$ÙÚNØﬀÌpËÌ
Aut pi1(Σg,1, ∗) xÙ>ÅÊá²Æ Ø×ÅÌÊÇJ×ÚÎÝÙá;ÙÅPØ ÉúÇÊá²ÌÊÇ *à´×Í]Î Ì!ÙánáXÚÎÝ×>ÎPÌÈÚÅ
ωg = [x1, y1] . . . [xg, yg]










1 ≤ i ≤ g A {ÏR
(αi, βi, 1 ≤ i ≤ g) 89$~pÓﬀ578ﬃ[y8ﬃ$èuptﬀ{89vx~$w &uÓ78ﬀ8 H1(Σg,1,Z) A 	,yvx~$w5'ﬀ8
Mg,1 $ÓﬀÏ H1(Σg,1,Z) 89$~w}57Óﬀw}~R8t[y|Ï v98x{}{8RÓﬀÏ pi1(Σg,1, ∗) A 05at[y|Ï$~$wvxÓﬀ{}w8xÏ8x{}{8








(*),> ﬁ>&8?/A;?/0>D3' 2' ﬂ
! Éâáp× Ì¬ËuÌ Mg,1 Ë´×ÍﬀÇ AutH1(Σg,1,Z) ÌÊÇÈÎ ÌÅ$ÙÚNØﬀÌ
SpH




































I ×Σ t[y|Ï Óﬀ5w-,U69;Ï$tﬀÛﬀw$;8
Ï$w8x5~R6










 −{0} × Σ 
Ôâw}éﬀÕ!{89(tﬀ{5ﬀ´8x;8x5~R







&89v9bÏRwR;89 , Û7;{>w8GR5~v957$wﬀ6xÏR69 Jw-,U69;Ï$tﬀÛﬀwR;89Vv957R8xÏ?
é>y|5~²{Ý,-Ï$w8x5~y|~$w5tﬀÏ"9
A

















































8VtﬀÏRÓﬀw}~v95Ò xÏR8! C(Σ) Óﬀ578V$~$Ï$Ó7vx~$ÓﬀÏR8ﬀ8;57 Ýﬀ8 A 	,-6x{6x;8x5~ Óﬀ5ﬀw}~R689$~
1Σ := (I ×Σ, id0, id1)  id Ô  = 0, 1 Õ 89$~V{Ý,y|tﬀtﬀ{}wv¹y|~$w5 id× {} A
Ó7tUÓﬀé´57ﬀ6#75ﬀw}Ï8XtﬀÏR69R8x5~{zyX57~$w5¬ﬀ8(vxè{}w}57ÏR8( , Û7;{>w8²:
) +	3 /A;?/0>D3 ' E  E 
 5    ÉúÍ]Ë>Å$ÌaË  Ùá;Ù }ÙÉÝÌnÇÈÚuÅ
Σ




(i−)−1∗ ◦ i+∗ : H1(Σ,Z) → H1(Σ,Z)
Rw}~V{Ý, wﬀ8x5u~$w}~R6
A
	,-8x57R8xGﬀ{8Gﬀ89Vvx{zyRR89 ,-6&uÓﬀw}éy|{8x57v98ﬂﬀ89vxè{}w}57ÏR89V , Û7;{>w8(ÒÏ$;8Óﬀ5
Ó7?Ý;57 Ýﬀ8(ﬀ8 C(Σ) 57~R6 T C(Σ) A

	







57Ó7÷tbÓﬀé´57yRuvxw8xÏ÷Óﬀ5 v9UÏRw$;8Ü , Û7;{>w8 $ÓﬀÏ
Σ
ﬀ6#75ﬀwﬂt[y|Ï
Cψ = (I × Σ, i− = id, i+ = ψ) A 89vxw0ﬀ6#75ﬀw}~ﬂÓﬀ5/²y|tﬀtﬀw}5ﬀvxèu{}w}57ÏR8C&uÓ78

































































),>da  h7S4B8\8\>F]9/A+ 46a  ]>h>&) /08?17T8 ﬀ #>d1 >D-0>D/07 
Ó7tbÓﬀé´57v957$w-
ﬀ6xÏR8xÏn{zy3ÏR8x{zy|~$w5  ,-6&uÓﬀw}éy|{8x57v98ﬃ$ÓﬀÏ C(Σ) ﬀ6#75ﬀw8÷t[y|Ïn{zy357~$w5 ﬀ8!bÏRwR;8
 , Û7;{>w8a:



































































































I × M tb8xÓﬀ~ /x~$ÏR8éÓ
v9p;8GÓﬀ5UÏRw$;8( , Û7;{>w8X8x5~$ÏR8










ﬀ89vx{zyRR89ﬀ8UÏRw$;8(ﬀ89Vv9UÏRw$;89V , Û7;{>w8GGÓﬀ5ﬀwﬀ8{zyn{w tﬀÏRÓﬀw}~
89R~Óﬀ5>ÏRÓﬀtb80&uÓ78ﬂ57Ó757~R8xÏR57 H(Σ) A












 Cg := C(Σ)

 Hg := H(Σ)







A Σ = Σg,1
57Ó757~R8xÏR57

 Cg,1 := C(Σ)

 Hg,1 := H(Σ)

 T Hg,1 := T H(Σ) A


















I ×D2 ﬀ~R8x5Ó/8x5¬wﬀ8x5~$w-#]y|5u~ ΦM (I × ∂Σg,1)
8x~






















































































































F := pi1(Σg,1, ∗) y|w}57$w &Ó78©y R6
Ï$w8!v98x5~$Ïy|{8¬ﬀ89Rv98x577y|5~R8  {Fk}k≥1 A 8x²y|Ï"&uÓ757C&Ó78 H = F/F2 8x~JtU>R57
Lk = Fk/Fk+1 A Ó7y¹é´57y|{ÏR{Ý,-8~R8x57$w5¬v98x5u~$Ïy|{8
0 //Lk //F/Fk+1 //F/Fk //1.
8x{}{8Pvxw&w}57Óﬀw}~{zyn$Óﬀw}~R8G8ﬀyvx~R8p:
0 //H ⊗Lk //Aut(F/Fk+1) //Aut(F/Fk) //1

H ⊗ Lk ' " (H,Lk) 89$~mwﬀ8x5~$w-#[6 y|Ó 57¹èy|Ó ﬀ8L{zy tﬀÏR|Þ$89vx~$w5
Aut(F/Fk+1) → Aut(F/Fk) ﬀ8 {zy ²y|5ﬀw xÏR8 $Óﬀw}é>y|5~R8 Ô -Ñ^8 Gﬂ Õ : Rw}~















k ≥ 2 :






































Dk(H) = Ker(H ⊗Lk+1
[.,.] //Lk+2 ).
Ó7y¹é´57V{zyn$Óﬀw}~R8(87yvx~R8

























$   $ ﬂ¡P¦Ý£Tﬀ]£´¡ﬃ# 	¥ ﬃ	h ¢^ﬃ# ﬃ5V	)¦P¥ ﬃ#V¥ 	¥ ¡
	 6ﬃ £Iﬃ¡Ý¥[¢
Mg,1




F → F/Fk+1 tUÓﬀÏ k ≥ 1
w}57Óﬀw}~!Óﬀ578Üy|tﬀtﬀ{}wv¹y|~$w5'5[y|~$ÓﬀÏR8x{}{8
Aut0 F → Aut0(F/Fk+1) A Ó7atUÓﬀé´57
y|{ÏRﬀ6#75ﬀw}Ï
) +	3 /A;?/0>D3 '  E  Mg,1(k) = Ker







































1 // Dk(H) // Aut0(F/Fk+2) // Aut0(F/Fk+1) // 1
y#7{}~$Ïy|~$w5y|w}57$wﬀ6#75ﬀw8 · · · ⊂ Mg,1(k) ⊂ · · · ⊂ Mg,1(1) ⊂ Mg,1 89$~
y|tﬀtU8x{6980 ÎÅ1×>ÎÉÙÍÜËÌÙ ÍﬀÇ9ÙÍ38x~ {8;Ï$tﬀÛﬀw$;8w}57Óﬀw}~











H⊗Lk+1 ´Ó7?Ý>ÏRÓﬀtb8w$~$w}5ﬀ>Ó76ﬀ8 Aut(F/Fk+2) 8x5²v9ptU>y|5u~






8xÓﬀ{ {89ﬀ8xÓ$!tﬀÏR8xpw8xÏR Û7;;Ï$tﬀÛﬀw$;89Vﬀ8 ´Ûﬀ57R55u~6x~R66x~$Ó7w69ﬂ:u{8
tﬀÏR8xpw8xÏt[y|Ï ´Ûﬀ57R5¬8x~{8ﬂﬀ8xÓ$w x;8Gt[y|ÏV.3Ï$w}~y
A
(*),> 5) /0+;\+T8 a  ),7.1/07T)#>d1 >D1>&) # /08?1 7! 7F> 3#8\>d30
Ñ^y|Ïﬀ6#75ﬀw}~$w5ﬂ
Mg,1(1) 89$~{8(RÓ7?Ý>ÏRÓﬀtU8(ﬀ8 Mg,1 &Óﬀw*y|>w}~~$Ï$w}éuwzy|{8x;8x5u~$ÓﬀÏ F/F2 = H :w}{
N,y|>w}~ÓRÓ7?Ý>ÏRÓﬀtU8(ﬀ8ﬂÏR8x{}{}w Tg,1 A
&8>ÏRÓﬀtb8 L2 tU8xÓﬀ~B/x~$ÏR8wﬀ8x5~$w-#[6D ∧2H 8x5ﬃ8x5é´Nèy|5~ [x, y] ∈ L2 = F2/F3
RÓﬀÏ
[x] ∧ [y] ∈ ∧2H  x, y ∈ F 8x~ [x], [y] R5~{8xÓﬀÏvx{zyR89V7y|57 H A %5ﬃtb8xÓﬀ~
y|{ÏR wﬀ8x5u~$w-#[8xÏ
D1(H)
y9é´89v ∧3H éÓ!v9p;8GRÓ7?Ý>ÏRÓﬀtU8ﬀ8 H ⊗∧2H éwzyJ{8
<IK
;Ï$tﬀÛﬀwR;8
a ∧ b ∧ c→ a⊗ (b ∧ c) + b⊗ (c ∧ a) + c⊗ (a ∧ b) A
	,-6x~$Ó7ﬀ83ÓtﬀÏR8xpw8xÏaÛ7;;Ï$tﬀÛﬀw$;8
τ1 : Tg,1 → ∧3H t[y|Ï ´Ûﬀ57R5 y
tU8xÏ$pwV ,-8x5¬ﬀ6x~R8xÏ$pw}578xÏ{Ý, w}²y|´8ﬂtﬀÓﬀwﬀ89V´6x576xÏy|~R8xÓﬀÏRÓﬃ57Nèy|Ó :
#+9>&)917 '      F>#'  F>dE 
 
ÄÙÚÅ





Ì9ÎÉ   æÊá
τ1 = D1(H) ' ∧3H 
 
τ1
ÅRÌÊÇÝØ7Ì29ÎPÌ ÌÊÇJ× 9ÎÉÙÍﬀÇGËÌ Mg,1 ÇÊÚÅ Tg,1  Øﬀ×Å RÙÍ  Ú´×ÉúÇxÙÍ!ÌxÎ	ÇÈÚuÅ ∧3H

Ë´Ù>Í7ÍbÆRÌ Ø×Å








Ker τ1 = Mg,1(2) ÌÊÇÈÎ }ÌpÇxÙÚuÇ Å$ÙÚ¹Ø7ÌﬃÌÈÍﬁÌÈÍbËÅ$ÆﬂØ×>Å }ÌÊÇ;Î0ÉúÇÈÎâÇpËÌ XÌ Í
}Ì!}ÙÍﬁ÷ËÌÊÇ!RÙ>ÚuÅ RÌÊÇJÇÊÉâáØ }ÌÊÇ ¹ÌÈÅÈá;ÆÌÊÇ(Ç9ÆØ×Å$×Í[ÎPÌÊÇ 










#+9>&)917 '   e  ">#' F>dE  
ÌÈÇ Î0ÉzÇxÎâÇ ËÌ XÌ Í Ì  ÙÍﬀ ËÌÊÇ RÙ>ÚuÅ RÌÊÇ
ÇÈÉúáØÌÊÇ ¹ÌÈÅÊá²ÆRÌÈÇﬂÇ9ÆPØ×>Å1×Í]ÎPÌÊÇXËÌ ÌÈÍ[Å$Ì !ÌxÎ  aÇÈÚ Ç¹ÌÈÍ[Î ØÙÚÅXÌÈÍﬁÌxÍ]ËÅRÌÈÅ Kg,1 
(*),> 5) /0+;\+T8 a  79a #/ 91 7 #>d1 >D1>&) # /08?1 7  7F> 3#8?>D3 
./Ï$w}~y(yﬀ6
~R8xÏ$pw}576({Ý, w}²y|´8GÓﬀ8xÓ$w x;8(Û7;;Ï$tﬀÛﬀw$;8Jﬀ8D´Ûﬀ57R5
τ2 : Kg,1 → D2(H).
&8n>ÏRÓﬀtb8 L3 tb8xÓﬀ~0/x~$ÏR8nwﬀ8x5~$w-#[6  H ⊗ (∧2H)/ ∧3 H A w}57$w D2(H) 89$~
Óﬀ5Ó7?Ý>ÏRÓﬀtb8Gﬀ8










a ∧ b⊗ c ∧ d := a⊗ b⊗ c ∧ d− b⊗ a⊗ c ∧ d
7y|57
H⊗H⊗ (∧2H) A %5²57~R8xÏy T {Ý, w}²y|´8ﬀ8 T t[y|Ï{zy(tﬀÏR|Þ189vx~$w5÷v¹y|575ﬀw &Ó78














u1, v1, . . . , uh, vh
ÚÍbÌ $×|Ç9ÌÇ áØ}Ì9ÎÉ 9ÚﬀÌËÚ(Ø]ÅRÌÈánÉÌÈÅ













ÌÊÇÈÎ 2 Éâáp× ÌGËuÌ Æ }Æxá;ÌxÍ[Î
(u1 ∧ v1 + · · · + uh ∧ vh)⊗2 Ë×ÍﬀÇ T Øﬀ×Å}×Ø]Å$Ù  Ì29ÎÉÙÍ T → T  ßÍaØ×ÅxÎÉ xÚﬀ ÉÌÈÅ
æÊá
τ2 ⊂ T 
<IM
8tﬀ{}Ó7ﬃ








Ó7!57~R8xÏR57 Lg,1 := Mg,1(3) {8357¹èy|Ó ﬀ8 τ2 A 	,-6x~$Ó7ﬀ8ÜÓ ﬀ8xÓ$w x;8
Û7;;Ï$tﬀÛﬀwR;8/ﬀ8 ´Ûﬀ57R5'5&,y©tﬀÓ'ﬀ6x~R8xÏ$pw}578xÏ ¯{Ý, Û78xÓﬀÏR83yvx~$Ó78x{}{83Óﬀ5'Rè?
~"x;8´6x576xÏy|~R8xÓﬀÏVÓ!57¹èy|Ó Lg,1 A y|tﬀtb8x{576&uÓ78ﬁtUÓﬀÏ {Ý, w}57$~y|5~ﬀw8x5 &Ó78{Ý,-5
v95ﬀ5[y|wR8Jﬀ89$è$~"x;89´6x576xÏy|~R8xÓﬀÏR8#75ﬀw]w}{*5&,-8w$~R8Jt[yﬀ8JtﬀÏR698x5~y|~$w5¯ﬀ89
>ÏRÓﬀtU89 Tg,1 8x~ Kg,1 A








[y8 ∗ ﬀ8 M y|tﬀt[y|Ï$~R8x5[y|5~  ∂Σ+ = ∂Σ− 8x~tb>57 pi1(M) := pi1(M, ∗) A 05
´6x576xÏy|{9*{89Jtﬀ{5ﬀ´8x;8x5~R
i±














i±n : F/Fn → pi1(M)/pi1(M)n
tUÓﬀÏ~RÓﬀ~










k ≥ 1 ﬀ89Vy|tﬀtﬀ{}wv¹y 
~$w57G:
ηk : Cg,1 → Aut0(F/Fk+1)
(M, i±) 7→ (i−k+1)−1 ◦ i+k+1.
P{p5u~;6xy|{8x;8x5~²;5u~$ÏR6 &uÓ78!v989;y|tﬀtﬀ{}wv¹y|~$w57aR8aÒyvx~RÏ$w8x5~;t[y|Ïp{zy3ÏR8






ηk : Hg,1 → Aut0(F/Fk+1)
(M, i±) 7→ (i−k+1)−1 ◦ i+k+1.
	, Óﬀ578Gﬀ89Vv9576&Ó78x57v989w}ÏR89vx~R89XÔâ²y|w575¬~$Ï$w}éuwzy|{8NÕVﬀ8ﬂ{Ý,-8wR~R8x57v98(ﬀ8(v989













k ≥ 1 
Ó7tUÓﬀé´57ﬀ6#75ﬀw}ÏtbÓﬀÏ~RÓﬀ~
k ≥ 1 
H>=
) +	3 /A;?/0>D3 '  Hg,1(k) = Ker ηk A


























































y#7{}~$Ïy|~$w5 {Hg,1(k)}k≥1 ´6x576xÏy|{}wR8Üﬀ57v3{zy#7{}~$Ïy|~$w5 ﬀ8A´Ûﬀ57R5 Ó
>ÏRÓﬀtU8Gﬀ8Jw-,U69~Rtﬀw89 Mg,1 A Ó7y¹é´57éÓ&uÓ&, w}{ÏR89$~y|w}~b8¹y|Ó7v9ÓﬀtÜﬀ8%&uÓ789?
~$w57(575©ÏR69R{}Ó789Gy|Óﬀ~RÓﬀÏGﬀ8n{zy #7{}~$Ïy|~$w5 ﬀ8C´Ûﬀ57R5ÔâtﬀÏR69R8x5u~y|~$w5 ﬀ8 Tg,1 
Kg,1 Ó Lg,1 8x~Rv . . . Õ8x~ﬀ89 ;Ï$tﬀÛﬀw$;89Vﬀ8 ´Ûﬀ57R5¬ﬀ5u~V5÷578v95ﬀ5[y¤ê~t[y
{89Vw}²y|´89VtUÓﬀÏ
k ≥ 3 A 8x~$~R8 #7{}~$Ïy|~$w5¬t[y|Ïy¤ê~ﬀ57v(~$Ï"9y|tﬀtﬀÏRtﬀÏ$w698²:




Dk(H) ∼= Gwk (Hg,1)
Ù Gwk (Hg,1)























































n ≥ 1 7Óﬀ5¬6x{6x;8x5~ﬀ8 Cn(G,A) 89$~VÓﬀ578Gy|tﬀtﬀ{}wv¹y|~$w5
f : Gn → A 8x~ C0(G,A) ' A A 	,-tb6xÏy|~R8xÓﬀÏv9bÏR
δ : Cn(G,A) → Cn+1(G,A) 89$~Vﬀ5ﬀ576ﬂt[y|ÏG:
δf(g1, . . . , gn+1) = g1.f(g2, . . . , gn+1)− f(g1g2, . . . , gn+1)
+f(g1, g2g3, . . . , gn+1) + (−1)n+1f(g1, . . . , gn).
 5Ü6x{6x;8x5~
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 578y|tﬀtﬀ{}wv¹y|~$w5
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ÙÉÎ E(G,A) 2 ÌÈÍﬀÇ¹ÌÈá }Ì3ËÌÊÇ ﬂ}×|ÇÇ¹ÌÊÇ























s : G→ E ~R8x{}{80&Ó78 pi ◦ s = idG 8x~ s(1) = 1 A %5ﬃtU8xÓﬀ~{}Óﬀw
yRuvxw8xÏÓﬀ578ﬂÒ57vx~$w5
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	, w}5é>y|Ï$wzy|5~åﬀ8 yRR5(89R~&Óﬀ5ﬂw}5é>y|Ï$wzy|5~åvx{zyR$w &uÓ780ﬀ895H P$tﬀÛﬀxÏR89* , Û7;{>w8
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∆K(t) = a0 + a1(t + t
−1) + a2(t
2 + t−2) + . . .
ÌÊÇÈÎ Ì²ØÙ Í á²Ì
Ë    }ÌRà´×Í]ËÌxÅ(Í]ÙÅÈá;× ¶ÉúÇ9Æ(ç|ÆÈÅÈÉ ×Í[Î
∆K(1) = 1














































































Ó >ÏRÓﬀtb8aﬀ8²w-, 69~Rtﬀw89 Mg,1 &{8ﬃÇﬂ9ÉúÍ]ËuÌÈá²ÌÈÍ[ÎËÌ










































ÈÅRÌﬃË  Ùá;Ù }ÙÉÝÌ÷ÌÈÍ[ÎÉ 
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λ∗ : Kg,1 → Z w}57Óﬀw}~R8pt[y|Ï
{Ý, w}5uéy|Ï$wzy|5u~ﬀ8J yR5¯:
λ∗ : Kg,1 → Z
ϕ 7→ λ(S3ϕ).
(*),> ﬁ>&8?/A;?/0>D3 '  ﬂ     <>&) /A;\4  < >De  
λ∗
ÌÊÇÈÎÚÍ Ù>ápÙ>ápÙ>ÅÝØ uÉzÇÈá;Ì 
57$wﬀ6xÏR57V{Ý, Û7;;Ï$tﬀÛﬀw$;8
θ0 : T → Z ﬀ6#75ﬀwt[y|Ï{

















u1, v1, . . . , uh, vh
ÚÍbÌ $×|Ç9Ì(Ç |áØÌ29ÎÉxÚ7ÌØÙÚÅﬃ}ÌØ]Å$ÌxáXÉÝÌÈÅ Å$ÙÚNØﬀÌXË  Ùá;Ù }ÙÉÝÌGËÌ}×nÇxÙ>ÚÇ$ÝÇÊÚÅx× ÊÌ
ËuÌ ÙáØÙ|Çx×>Í[ÎPÌnËÌ $ÙÅ$Ë
γ
    Ù>ÅÇ
λ∗(τγ) = −θ0((u1 ∧ v1 + · · ·+ uh ∧ vh)⊗2).




(u1 ∧ v1 + · · · + uh ∧ vh)⊗2 t[y|Ï{zy
tﬀÏR|Þ$89vx~$w5av¹y|575ﬀw &uÓ78
T → T A 	, wﬀ69889$~y|{ÏR	ﬀ8Vﬀ6#75ﬀw}Ï{Ý, Û7;;Ï$tﬀÛﬀwR;8 λ∗
8x5ﬃÓﬀ~$w}{}wÊy|5~{8ﬂﬀ8xÓ$w x;8(Û7;;Ï$tﬀÛﬀwR;8Gﬀ8D´Ûﬀ575
τ2 : Kg,1 → T 8x~
θ0 : T → Z A .Üy|{}Û78xÓﬀÏR8xÓ7R8x;8x5u~]{Ý, Û7;;Ï$tﬀÛﬀwR;8 θ0 578(tb8xÓﬀ~t[yRR8xÏy|Ó&uÓ7 
~$w8x5u~!v¹y|Ï²w}{89$~;5755Óﬀ{$ÓﬀÏ²{8ﬃ57Nèy|Ó'ﬀ8¬{zy©tﬀÏR|Þ$89vx~$w5
T → T A &8¬ﬀÓﬀ~²é>y
/x~$ÏR8ﬃ , w}5u~$ÏRuÓﬀw}ÏR8Óﬀ5 57Óﬀé´8x{Û7;;Ï$tﬀÛﬀwR;8











q : Kg,1 → Q A ./Ï$w}~y¬v957$~$Ï$Óﬀw}~XÓﬀ5 Û7;;Ï$tﬀÛﬀw$;8 d : Kg,1 → Z
H>?













$ AY    ﬃ5 ﬃ5 ﬃ  	¡P¢ '¥ 	¥  ﬃ&u¡£Iﬀ
q : Kg,1 → Q
	, Û7;;Ï$tﬀÛﬀw$;8
d : T → Z 89$~Vﬀ6#75ﬀwt[y|Ï{
d((a ∧ b)⊗2) = 0,











8x~  · 89R~{zyGÒÏ$;8 , w}5~R8xÏRR89vx~$w5¬RÓﬀÏ
H A
05;t[y|Ï$~$wvxÓﬀ{}w8xÏtbÓﬀÏ0~RÓﬀ~R8VÓ7?Ý[yR8$èptﬀ{89vx~$w &Ó78












(T → T ) v98&uÓﬀw
ﬀ6#75ﬀw}~Óﬀ5ﬃÛ7;;Ï$tﬀÛﬀwR;8
q0 : T → Q A
	, Û7;;Ï$tﬀÛﬀwR;8
q : Kg,1 → Q 89$~
ﬀ6#75ﬀwt[y|ÏV{zynv9ptb>Rw}~$w5
q = q0 ◦ τ2 : Kg,1 τ2 // T
q0 // Q.
$ AY  X  ﬃ5 ﬃ5 ﬃ  	¡P¢ '¥ 	¥  ﬃ&u¡£Iﬀ
d : Kg,1 → Z
&8nﬀÓﬀ~ﬂ89$~ﬂﬀ8Xv957R~$Ï$Óﬀw}ÏR8nÓﬀ5/Û7;;Ï$tﬀÛﬀwR;8


























Óﬀ56x{6x;8x5u~÷ﬀ8 Mg A 8²y|tﬀtﬀw}5ﬀ ~RÏR8 	 yRuvxw6
Tϕ
89$~p{zy H Ýéy|Ï$w6x~R6ﬃÊy|57nbÏR ﬀ~R8x5uÓ78ﬀ8













































ﬀ8xÓ$÷6x{6x;8x5u~RÓ>ÏRÓﬀtU8ﬂﬀ8(w-, 69~Rtﬀw89 Mg A y L Ýé>y|Ï$w6x~R6










$w}>5 Mϕ,ψ ∀ϕ,ψ ∈Mg.
%5JtU8xÓﬀ~*6xy|{8x;8x5u~0{8ﬀ6#75ﬀw}Ï0v9p;8< Pv9vxèvx{8tUÓﬀÏ Mg,1 éuwzyV{zy$ÓﬀÏÞ$89vx~$w5




H1(Mg,1;H1(Σg,1,Z)) 89$~aw}5$#75ﬀwvxèvx{}w &uÓ78 A
^w-ﬀ57VÓﬀ53Û7;;Ï$tﬀÛﬀw$;8nvxÏRwR6
k : Mg,1 → H1(Σg,1,Z) &Óﬀw^Rw}~Óﬀ53´6x576
Ïy|~R8xÓﬀÏaﬀ8
H1(Mg,1;H1(Σg,1,Z)) A y|tﬀtU8x{57&uÓ&, Óﬀ5 Û7;;Ï$tﬀÛﬀw$;8¬vxÏRw6
é´6xÏ$w-#[8{Ý,-6xy|{}w}~R6
















ck(ϕ,ψ) = −k(ϕ) · ϕ∗k(ψ)
















dk : Mg,1 → Z ~R8x{=&Ó78 ck = 3τ + δdk A
Ñ	Óﬀw"&Ó78J{8J>ÏRÓﬀtb8 Mg,1 89$~t[y|Ï1Òy|w}~tUÓﬀÏ g ≥ 3 [{zy G Pv9vRÛ[y¤ê578 dk 89$~Óﬀ5ﬀw &uÓ78
tUÓﬀÏ





H1(Mg,1;H1(Σg,1,Z)) ' Z v9 57vxwﬀ8x5~3Ôy|Ó $w}>578÷tﬀÏ"9ÈÕGRÓﬀÏX{8
Ó7?Ý>ÏRÓﬀtb8pﬀ8p*ÏR8x{}{}w Tg,1 8x~(¹,y|5ﬀ5uÓﬀ{8x5~JRÓﬀÏ Kg,1 A Ñåy|ÏGv957R6&uÓ78x5~~RÓ7ﬂ{89
dk
v9 57vxwﬀ8x5u~8x~R5~ﬀ89VÛ7;;Ï$tﬀÛﬀw$;89$ÓﬀÏ Kg,1 A w}57Rw w}{ﬀ6#75ﬀwRR8x5u~VÓﬀ5
Û7;;Ï$tﬀÛﬀwR;8
d : Kg,1 → Z tUÓﬀÏ g ≥ 3 A





ÌÊÇÈÎÚuÍ Î0ÉúÇÈÎËÌ JÌ uÍ
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3Ë>Å1ÙÉÎPÌ Ì





d(τγ) = 4h(h− 1).
%5!ﬀ~$w8x5u~y|{ÏR{8~$Û769Ï"x;8$Óﬀw}é>y|5~utﬀÏRÓﬀé´6t[y|Ï{8v¹y|{vxÓﬀ{URÓﬀÏ{89´6x576xÏy 
~R8xÓﬀÏRﬀ8 Kg,1 :




×>ç|Ì2  Ù>ápÙ>ápÙ>ÅÝØ uÉzÇÈá;Ì
λ∗
ÉâÍ]ËÚÉâÎ Ø×Åﬃ ÉâÍ7ç¤×ÅÈÉ×Í[ÎËuÌ 0×ÇÇxÙ>Í






































 hﬀUﬀ ¦P¦[¦P¡¢,ﬀb£´¡Wﬃ5¢ ﬀ ¢^ﬃ¦V	¥[¢
yÜ57~$w5ﬀ8/
  Ýt[y|Ïy|{}{6x{}wy|~$w5 89$~;Óﬀ578´6x576xÏy|{}wy|~$w5ﬀ8¬{zyÜ57~$w5ﬀ8

























}Ø×>Å1×  Æ ¶ÉúÇx×´ÎÉÙÍ ËÌ
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}Ø×>Å1×  Æ ¶ÉúÇx×´ÎÉÙÍ ËÌ
M




































n ≥ 3 A
wzy{Ý, w}5Þ$89vx~$w5av¹y|575ﬀw &uÓ78

























































e(PΣg) ∈ H2(Σg;Z) &uÓﬀw é´6xÏ$w-#[8
< e(PΣg), µΣg >= χ(Σg) = 2− 2g

χ(Σg)
89$~!{zy v¹y|Ïyvx~R6xÏ$w$~$w &uÓ78/ ,-0Óﬀ{8xÏﬃﬀ8¬{zy $ÓﬀÏ1ÒÝyv98
A
05't[y|Ï$~$wvxÓﬀ{}w8xÏ v989vxw
Rw}>5ﬀw-#[8&Ó78/{Ý,-5 tb8xÓﬀ~ﬀ6#75ﬀw}ÏﬃÓﬀ5 vÛ[y|pt)ﬀ8/é´89vx~R8xÓﬀÏRﬃ575 $w}5ﬀ>Óﬀ{}w8xÏ$ÓﬀÏ
Σg
8x5 ﬀ8xÛ7ÏRp , Óﬀ5tb8x~$w}~pw"&uÓ78
D2
8x~&uÓ&,(¬Û7;~Rtﬀw8tﬀÏ"9pw}{89$~;8x5~$w xÏR8x;8x5u~











































































ﬂy|57 {8ﬂv¹yy|57 UÏR {Ý,-8x57R8xGﬀ{8Gﬀ89
SU
Ýt[y|Ïy|{}{6x{}wy|~$w57 , Óﬀ578 H Ýéy|Ï$w6x~R6
M
ÒÏ$;8ﬂÓﬀ589$t[yv98Jyﬃﬂ;578Gy|Ó$Pﬀ89R$Ó7Vﬀ8
H3(M ;Z) ∼= Z A
$    
SU






















































Ó757~R8xÏR57 Psu(M, s) {Ý,-8x57R8xJﬀ{8Jﬀ89 SU Ýt[y|Ïy|{}{6x{}wy|~$w57ﬀ8 M ÏR8
{zy|~$w}é´89
s
:*w}{89$~XGÓﬀ5ﬀw , Óﬀ578÷$~$Ï$Ó7vx~$ÓﬀÏR8ﬃ ,-89$t[yv98ﬃyﬃﬂ;578ﬃy|Ó$Pﬀ89R$Ó7nﬀ8
H3(M,N ;Z) ' Z A
HIM




 ,-"w}Ï )¹8xﬀÏ$Ó7vRÛ :
#+9>&)917=' ﬁ0f 
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Ì9Î0Çx×>ÍﬀÇ $ÙÅ$Ë × }ÙÅÊÇ }×;ÇÊÉ&Í]×>ÎÚÅ$ÌXËÌ
W





































Ýt[y|Ïy|{}{6x{}wy|~$w57:w}{789$~0GÓﬀ5ﬀwb , Óﬀ578V$~$Ï$Ó7vx~$ÓﬀÏR8V ,-89Rt[yv98yﬃﬂ;578
y|Ó$Pﬀ89$Ó7ﬂﬀ8
H3(M ;Z) ' Z A P{å8w$~R8XÓﬀ578Jﬀw Þ$89vx~$w5©tﬀÏR6ÈÒ6xÏR698n575Üv¹y|575ﬀw &uÓ78
8x5u~$ÏR8 Psu(M) 8x~ Z ﬀ5ﬀ57698ﬂt[y|ÏV{8 σ Ýw}5é>y|Ï$wzy|5~n:
Psu(M) σ // Z.
8x{}Óﬀw-Pvxw*89$~ﬀ6#75ﬀw&>Ïv98Gy|Óﬀ6ÈÒÝy|Óﬀ~6xé´ &Ó76tﬀÏR69v969ﬀ8xp;8x5u~v9p;8J$Óﬀw}~(:
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ﬀ6xÏR6Gv9p;8ﬂ{8 |v ÓﬀÏ ﬀ8ﬂ{Ý, w}5uéy|Ï$wzy|5u~ﬀ8J yR5
A
	, Óﬀ5 ﬀ89(tﬀÏR8xpw8xÏRGtﬀÏRﬀ{ x;89GÏR8x57v95u~$ÏR69J89R~D&Ó&,-5¯578pv95ﬀ5[y¤ê~ ÷{Ý, Û78xÓﬀÏR8
yvx~$Ó78x{}{8ﬁ*y|Ó7vxÓﬀ578ptﬀÏR69R8x5~y|~$w5 ﬀ8 Kg,1 v9p;8;5©578pv95ﬀ5[y¤ê~Jy|Ó7vxÓﬀ5 $è$~"x;8




























89$~nÓﬀ5 vxèu{}w}57ÏR8ﬃ , Û7;{>w8ﬁ{zy¬é>y|Ï$w6x~R6ﬃﬀ~R8x5Ó78¬89$~nÓﬀ578
3
PRtﬀÛﬀxÏR8
 , Û7;{>w8J8x5~$w xÏR8
A
w}57$w {Ý, w}5uéy|Ï$wzy|5u~ﬀ8G yR5ﬃw}57Óﬀw}~Óﬀ578(y|tﬀtﬀ{}wv¹y|~$w5





































~RÏR89	yRuvxw691Óﬀ5;6x{6x;8x5u~ﬀ8 Kg,1 A Ñ^ÓﬀÏv98x{zy$w}{ﬀv957$w
xÏR8 Óﬀ5788~R8x57$w5;v98x5$
~$Ïy|{8aﬀ8 Mg,1 ﬀ6#75ﬀw8;t[y|ÏJ ~$w}èy|Û 7y|57 - ~  Óﬀ~$w}{}wy|5~J{89J< ÒÏy|pw}5ﬀ´ A ./Ï$w}~y





































































ËuÌÊÇ  ÈÅRÆÊÇç|Ì29ÎÝÙÅÈÉÝÌ  ÇÅ$ÆÌ  Ç
Ù>ÅÊÉÝÌÈÍ[ÎPÆÊÇ²×ÚﬁËuÌÊÇÇÈÚÇ!ËuÌ
CW
 RÙáØÌ$àÌ RÙÍ[ÍbÌ$àÌÊÇ 	Í7ÉúÇ     Ù>ÅÇ }× ﬂ}×|ÇÊÇ9Ì!Ë  ßÚﬁÌÈÅ
Ë>Ú  ÈÅRÆØ]Å1ÙNËÚuÉÎ
e(ξ × ξ′) ç|ÆÈÅÈÉ Ì






Ù>Í[Î	á  Èá²Ì $×|Ç¹Ì× }ÙÅÊÇJÙÍ;Ø7ÌÈÚÎ ËÆÍ7ÉúÅﬃÌÈÚÅ(Ç9Ùáná;ÌJËÌ ÉÎÍbÌ !Ì9Î
e(ξ ⊕ ξ′) = e(ξ) ∪ e(ξ′).
(*),> ﬁ>&8?/A;?/0>D3 E 
 E   <  ﬁ]>D)c'"ﬂ   

ÙÉÎ








ξC : EC → B Ç9ÙÍ  ÈÅRÆ ÙáØ}ÌRàÉ  Æ    }ÙÅÊÇ














































































































ξ : E → B Rw}~Óﬀ5 #7ﬀÏR6Xé´89vx~RÏ$w8x{åÏR698x{0Ï$w8x5~R6pﬀ8JÏy|5ﬀ n A

5 RÙáØÌ$àÉ Æ
ξC : EC → B 89$~ﬂ{8 #7ﬀÏR6;ﬀ8C#7ﬀÏR8 Cn 8x~(ﬀ8p>ÏRÓﬀtb8 SU(n)
v957R~$Ï$Óﬀw}~Jéwzyﬃ{89Jw}5Þ189vx~$w57Xv¹y|575ﬀw &uÓ789


















Pξ ↪→ P (ξC)
   



























ξ : E → B Óﬀ5 #7ﬀÏR6ﬀ8#7ﬀÏR8 F A 
uÓﬀtﬀtU>R57@&Ó78 F Rw}~ (q−1) Pv95ﬀ5788ﬁ
q ≥ 1 A 









L ∪ Bq *"&uÓ78x{8x~$~R8²t[y|ÏX"&Ó78x{8x~$~R8ﬁ^8x~
ﬀ8xÓ$Ü~R8x{}{89G8~R8x57$w57(5~(Û7;~RtU89G$ÓﬀÏ




L ∪ Bq 0v957$wﬀ6xÏR6989 /Û7;~Rtﬀw8
ÏR8x{zy|~$w}é´8AÜ tﬀÏ"90ÒÏ$;8ﬃÓﬀ5 89Rt[yv98¬yﬃﬂ;5783y|Ó$Pﬀ89RRÓ7;ﬀ8
Hq(B,L; {piq(F )}) 
















































































c(ξ, sq)(σ) = [s∂σ] ∈ piq(Fxσ ).
%5 ﬀ~$w8x5~ay|w}57$w Óﬀ5 v9vxèvx{8
c(ξ, sq)
ﬀ8
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f : ξ → ξ′ Óﬀ578²y|tﬀtﬀ{}wv¹y|~$w5
8x5u~$ÏR8©ﬀ8xÓ$ #7ﬀÏR69
ξ : E → B 8x~ ξ′ : E′ → B′ A 
uw s′ 89R~!Óﬀ578/R89vx~$w5 ﬀ8
ξ′




































BKRTZ[Z[I0Z)_*TFUTV_W åFUORZﬀW]O DXI0Z FbI0KRTW]O$SVI0Z
Ñ^y|Ïﬃy|5[y|{>w8/y|Ó'v¹y!y|7{}Ó2Ô
L = ∅ Õ57Ó7atUÓﬀé´57aﬀ6#75ﬀw}Ï!ﬀ89avx{zyR89
v¹y|Ïyvx~R6xÏ$wR~$w &Ó789ÏR8x{zy|~$w}é´89
A
    $ ³!¦Wﬀ ¢¢|¥ ¨:V¦P¥7¬¥[¦Wﬀb£´¡! ¥

w}~
ξ : E → B Óﬀ5 #7ﬀÏR6!é´89vx~RÏ$w8x{ÏR698x{ﬀ8aÏy|5ﬀ n A Ó7n{89 #7ﬀÏR69XÏR698x{
v957Rwﬀ6xÏR69R8xÏR5u~Ï$w8x5~R69
A







e(ξ) ∈ Hn(B;Z) A
) +	3 /A;?/0>D3 E  0'





y|Ó$Pﬀ89R$Ó7ﬂ , Óﬀ5©RÓ7 Pv9ptﬀ{88
L A












e(ξ,X) = c(ξ0, X) ∈ Hn(B,L;Z)

	
E  E 

w}~
ξ : E → B Óﬀ5 #7ﬀÏR6é´89vx~RÏ$w8x{ÏR698x{ﬀ8ﬃÏy|5ﬀ < A y
ﬀw Þ$89vx~$w5 v¹y|575ﬀw &Ó78






















      °a¦V¢ 	hﬀ"V	£>¥ ¥7£ ¦V¢  ﬀU¢¢|¥ Rﬀ¦Wﬀ ¢¢|¥[¢*¥³ 	 ¥7T2´¥]¦Wﬀb£´¡! ¥[¢

w}~






















































c2(η, s) = c(η0, s) ∈ H4(B,L;Z).
P5u~R6xÏR89RR57?Ý57Ó7^y|Ó7R$w;{zy tﬀ{}Ó7Û[y|Óﬀ~R8	vx{zyRR8ﬀ8Û78xÏ$5





























cn(η,X) = c(η0,X) ∈ H2n(B,L;Z).

	









S3 ' SU(2) 7y|57{896#7ﬀÏR89 A
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p1(ξ) = −c2(ξC) ∈ H4(B;Z).
%53ﬀ6#75ﬀw}~ﬀ8/x;8ﬂ{zyntﬀÏR8xpw xÏR8Jvx{zyRR8ﬂﬀ8ﬂÑ^5~$ÏÞRy|>w}53ÏR8x{zy|~$w}é´8;:


























\c cdI0Z HJI eJO1WbQJI	 I^Wm_^KRTVZ[Z]I0Z
_^TFUTV_&W åFbORZ7W]ODXI0Z)FUI0KRT W]ORSVI0Z
















































C∗(X) ⊗ C∗(Y ) → C∗(X × Y ) A

w8x5~











∼= C∗(X) ⊗ C∗(Y )(
C∗(A)⊗ C∗(Y )
)⊕ (C∗(X)⊗ C∗(B))
∼= C∗(X × Y )
C∗(A× Y )⊕ C∗(X ×B) .
&890w}57vx{}Ó7$w57
X×B ↪→ (A×Y )∪(X×B) 8x~ A×Y ↪→ (A×Y )∪(X×B)
ﬀ6#75ﬀwR8x5~VÓﬀ578Jy|tﬀtﬀ{}wv¹y|~$w53ﬀ8(vÛ[y¤ê578;:
C∗(A× Y )⊕ C∗(X ×B) k //C∗
(







u ∈ Cp(X,A,G1) 8x~ v ∈ Cq(Y,B,G2) 7y|{ÏR











(( C∗(X × Y )








ﬀ~R8x5757Óﬀ5Û7;;Ï$tﬀÛﬀw$;8Xy|tﬀtb8x{69Å1Ù|ÇÊÇ Ø]Å$Ù¹ËÚÉâÎÅ$Ìﬂ ×>ÎÉ 
Hp(X,A;G1)⊗Hq(Y,B;G2) × // Hp+q(X × Y, (A× Y ) ∪ (X ×B);G1 ⊗G2)
( ),> 5) /0+;\+  
{8VvxÏR>R	tﬀÏRÓﬀw}~	ÏR8x{zy|~$w Ò89$~5[y|~$ÓﬀÏR8x{*:>tUÓﬀÏ~RÓﬀ~R89y|tﬀtﬀ{}wv¹y|~$w57
f : (X,A) → (X ′, A′) 8x~ g : (Y,B) → (Y ′, B′) y|Ó$Pﬀ89R$Ó7ﬀ8 CW Pv9ptﬀ{8ﬀ89
57Ó7y9é´57G: ∀u ∈ Hp(X,A,G1) 8x~ ∀v ∈ Hq(Y,B,G2) 


























































































































ØbÅ1Ù¹Ë>ÚuÉÎÅRÌ }×>ÎÉ  :
Hp(X,A;G1)⊗Hq(X,B;G2) ∪ // Hp+q(X,A ∪B;G1 ⊗G2) .
8tﬀ{}Ó7ﬃﬀtbÓﬀÏ~RÓﬀ~
u ∈ Hp(X,A,G1) 8x~VtUÓﬀÏ~RÓﬀ~ v ∈ Hq(X,B,G2) 
u ∪ v = d∗(u× v).
   X   ³!¦Wﬀ ¢¢|¥[¢SRCﬀUﬀFR£I7¡¢¤£>¡UV	¥[¢÷´¥]¦Wﬀb£´¡! ¥[¢÷¥7£  [¢ ﬃ hV¡£

w8x5~























(*),> ﬁ>&8?/A;?/0>D3E  e2'   <    5)^>  , ﬁ  
× ﬂ ×ÇÇ9ÌnË ßÚﬀÌÈÅX×	ÈÇxÙ  ÚﬀÌ;Ë  ÚÍ ÈÅRÆ
ØbÅ1Ù¹Ë>ÚuÉÎ ÌÈÇÈÎ }Ì xÅ$Ù|ÇÇ ØbÅ1Ù¹Ë>ÚuÉÎËuÌÊÇ ﬂ}×|ÇÇ¹ÌÊÇJË  ßÚﬁÌÈÅJ×ﬁÊÇxÙ  Ú7ÌÊÇXËÌÊÇ  ÈÅ$ÆÈÇ
e(ξ × ξ′) = e(ξ) × e(ξ′) ∈ Hn+m(B ×B′;Z).
y|57Óﬀ5ÜtﬀÏR8xpw8xÏﬂ~R8xpt7U{8XﬀÓﬀ~ﬂ89$~ﬂﬀ8nv957$~$Ï$Óﬀw}ÏR8nÓﬀ578pR89vx~$w5
X × Y Ó
Sn+m−1
 #7ﬀÏR6




*8x~Jﬀw8x5 ﬀ6#75ﬀw8 ¬Û7;~Rtﬀw8!ÏR8x{zy|~$w}é´8 
































v98x{}{}Óﬀ{8 ﬀ8{zy²y|5ﬀw xÏR8 $Óﬀw}éy|5u~R8ﬂ:¤Rw
σ
89$~^Óﬀ578v98x{}{}Óﬀ{8ﬀ8
B\L y|{ÏR ξ|σ 89$~*~$Ï$w}éwzy|{
8x~
(XR)|σ ﬀ6#75ﬀw}~VÓﬀ578Jy|tﬀtﬀ{}wv¹y|~$w5


































ξ × ξ′ A &8989vx~$w57 XR : B → E 8x~
YR : B
′ → E′ w}57ÓﬀwR8x5~5[y|~$ÓﬀÏR8x{}{8x;8x5~Óﬀ578(R89vx~$w5>{[y|{8













σ × τ ﬀ6#75ﬀw}~{Ý,y|tﬀtﬀ{}wv¹y|~$w5 :
fσ×τ : σ × τ → Rn ×Rm
(x, y) 7→ (XσR(x), Y τR(y)).
#Óﬀw}~$~R8VÛ7;~Rtb8xÏ
XR×YR N5GÏR8x57Ï$²y|{}w8{ÏR"&uÓ78v>,-89R~tU>R$w}ﬀ{8 A w}57$w9
t[y|Ïåv957$~$Ï$Ó7vx~$w5ﬂ
XR×YR w}57Óﬀw}~^Óﬀ578R89vx~$w5 X×Y Ó Sn+m−1  #7ﬀÏR6 (ξ×ξ′)0
y|Ó$Pﬀ89$Ó7Vﬀ8
L×B′ ∪B × L′ A
?
L
#+9>&)917 E e  E 
× ﬂ}×|ÇÇ¹ÌﬂË  ßÚﬁÌÈÅÅ$Ìﬂ ×>ÎÉâç|Ì
e(ξ× ξ′, X×Y ) å×ÊØØ×ÅxÎPÌÈÍ]×Í[Î 
Hn+m(B ×B′, B × L′ ∪ L×B′;Z) ç|ÆÈÅÈÉ Ì!2 Æ ´×  ÉÎPÆﬂÇÈÚuÉâç¤×Í]ÎPÌ
e(ξ × ξ′, X × Y ) = e(ξ,X) × e(ξ′, Y ).

	
















X ′ × Y ′ ﬀ8 (ξ × ξ′)0 y|Ó$Pﬀ89R$Ó7(ﬀ8 B × L′ ∪ L × B′ A {ÏRﬂ{89GR89vx~$w57
X ′ × Y ′ 8x~ X × Y R5u~VÛ7;~Rtb89ÏR8x{zy|~$w}é´8x;8x5~0 L× L′ 8x~















p + q ≤ n +m − 1 ]{Ý,y|tﬀtﬀ{}wv¹y|~$w5 fσ×τ 89$~0pé>y|{8xÓﬀÏR7y|57
Sn+m−1
Ô &uÓﬀw}~$~R8  /x~$ÏR8GÏR8x57Ï$²y|{}w698NÕ
A
Ó7RRw97{zy;89vx~$w5










c(ξ × ξ′, SX×Y ) ﬀ6#75ﬀw&t[y|Ï(:








B \ L  τ 89$~pÓﬀ578 q Pv98x{}{}Óﬀ{8ﬀ8 B ′ \ L′ y¹é´89v
























c(ξ × ξ′, SX×Y ) 89$~{zy!vx{zyRR8
 ,-	Óﬀ{8xÏÏR8x{zy|~$w}é´8
e(ξ × ξ′, X × Y ) A

uw













tU577y|5~  {zy vx{zyRR80 , Û7;~Rtﬀw8
[Xσ
R











< e(ξ,X), σ >= nσ
8x~





























: σ → Rn ÔâÏR89$t A Y τ
R
: τ → Rm Õ89R~ﬂ575©5Óﬀ{}{8;8x5¯ﬀ8xÛ7ÏR(ﬀ8 |nσ| ÔâÏR89$t A
?>?










89$~575¬$w}5ﬀ>Óﬀ{}w8xÏ8x5¬ﬀ8xÛ7ÏRﬀ8 |nσ|.|nτ | tUw}5~R A
P{ 578÷57Ó7nÏR89$~R8÷tﬀ{}Ó7C&uÓ&,(/v¹y|{vxÓﬀ{8xÏ;{Ý, w}57wv98ﬃﬀ8ﬃvRÛ[y &uÓ78ﬃ$w}5ﬀ>Óﬀ{zy|Ï$w}~R6
A
Ñ^ÓﬀÏ








(x1, . . . , xn, y1, . . . , ym) 7→ (σx1, . . . , xn, τy1, . . . , ym)
v¹y|Ï {Ý,-Ï$w8x5u~y|~$w57y|57 {zy0#7ﬀÏR8
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L ⊂ B Ì9Î L′ ⊂ B′ Å$ÌÈÇÝØﬀÌ2¹ÎÉúç|Ìxá;ÌxÍ[Î   ÍØﬀÌÈÚÎ× }ÙÅÊÇ RÙ>ÍﬀÇÈÎÅÈÚuÉâÅRÌ
Øﬀ×Å!ÌVØ]Å$Ù Æ$ËÆØ]ÅRÆ2Æ$ËÌxÍ[ÎVÚÍbÌGÇ9Ì9ÎÉÙ>Í




ÈÉÝÌÈÍÜËÆ	Í7ÉÝÌ  Ùá;Ù>ÎÝÙÊØ]ÉÝÌÅRÌ  ×´ÎÉúç|Ì 
L×L′   	GÙÚuÇ
×>ç¤ÙÍﬀÇG× }ÙÅÊÇ2 Æ ´×  ÉÎPÆGÇÊÚÉúç¤×>Í[ÎPÌ
cn+m(ξ×ξ′,X×Y) = cn(ξ,X)×cm(ξ′,Y) ∈ H2n+2m(B×B′, L×B′∪B×L′;Z).













y|tﬀtb8x{57B&uÓ78{zyXRp;8ﬀ8 g'Ûﬀw}~$578xè÷89$~ {8 #7ﬀÏR6é´89vx~RÏ$w8x{&w}57Óﬀw}~ t[y|Ï{8!#7ﬀÏR6
tﬀÏRÓﬀw}~
ξ × ξ′ 8x~ {Ý,y|tﬀtﬀ{}wv¹y|~$w5¬wzy|´5[y|{8 d : B → B ×B A Ó7Vy9é´57Vy|{ÏR {8
wzy|>Ïy|p;8Jv9pGÓﬀ~y|~$w Ò$Óﬀw}é>y|5~J:







d // B ×B

E(ξ ⊕ ξ′) 89$~Vﬀ6#75ﬀw&t[y|Ï {(x, x′) ∈ E ×E′ / ξ(x) = ξ′(x′)} A 8ﬂwzy|>Ïy|p;8
w}57Óﬀw}~å5[y|~$ÓﬀÏR8x{}{8x;8x5u~0Óﬀ578y|tﬀtﬀ{}wv¹y|~$w5;ﬀ8 #7ﬀÏR69å8x5X$tﬀÛﬀxÏR89













L ⊂ B 8x~ L′ ⊂ B ÏR89$tU89vx~$w}é´8x;8x5~ A %5¬v957$w
xÏR8Xy|{ÏRÓﬀ578GR89vx~$w5
X × Y Ó #7ﬀÏR6 (ξ × ξ′)0 ﬀ6#75ﬀw8(v9p;8GtﬀÏR69v969ﬀ8xp;8x5~ﬂ$ÓﬀÏ L×B ∪B × L′ A
	{}{8aw}57Óﬀw}~nÓﬀ578÷R89vx~$w5
X ⊕ Y := d∗(X × Y ) Ó<#7ﬀÏR6!8x5 $tﬀÛﬀxÏR8 (ξ ⊕ ξ′)0
y|Ó$Pﬀ89$Ó7Vﬀ8
L ∪ L′ A
#+9>&)917[E  e ﬂ
×ﬃﬂ ×ÇÇ9ÌVË  ß ÚﬁÌÈÅ
e(ξ⊕ξ′, X⊕Y ) çÆÈÅÊÉ Ì  Æ ´×  ÉâÎPÆÇÊÚÉúç¤×>Í[ÎPÌ 
e(ξ ⊕ ξ′, X ⊕ Y ) = e(ξ,X) ∪ e(ξ′, Y ) ∈ Hn+m(B,L ∪ L′;Z)
Ù 











e(ξ ⊕ ξ′, X ⊕ Y ) = e(ξ ⊕ ξ′, d∗(X × Y ) )
= d∗(e(ξ × ξ′, X × Y ))
= d∗(e(ξ,X) × e(ξ, Y ))
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Å$ÌÈÇÝØﬀÌ2¹ÎÉúç|Ìxá;ÌxÍ[Î   Í/ØﬀÌÈÚÎ!RÙÍ7ÇÈÎÅÈÚuÉâÅ$ÌnØ×Å Ì
ØbÅ1Ù ÊÆ$ËÆﬂØ]ÅRÆ2Æ$ËÌxÍ[ÎVÚÍbÌJÇ¹Ì29ÎÉÙÍ
X ⊕Y Ë>Ú S2n+2m−1  xÅ$Æ (ξ ⊕ ξ′)0 ×>Ú1ËÌÊÇÇÈÚÇ
ËuÌ
L ∪ L′ 
cn+m(ξ ⊕ ξ′,X⊕Y) = cn(ξ,X) ∪ cm(ξ′,Y) ∈ H2n+2m(B,L ∪ L′;Z).
   
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ξC : EC → B Ç9ÙÍ  ÈÅRÆ ÙáØ}ÌRàÉ  Æ    }ÙÅÊÇ









ÌÊÇÈÎ × ﬂ ×ÇÇ9Ì
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RCﬃ# ¦P¥ 	¡  7¥
57$wﬀ6xÏR57XÓﬀ5+#7ﬀÏR6;ÏR698x{Ï$w8x5~R6



















s : L → E &Óﬀwé´6xÏ$w-#[8 ξ.s = idL A wzy¯{Ý, w}5Þ$89vx~$w5
v¹y|575ﬀw &uÓ78


















































































wzyﬃ{Ý, w}5Þ$89vx~$w5 v¹y|575ﬀw &Ó78




























ﬃ8x{}{8 89$~ 8x5 Òy|w}~ ﬀ~R8x5uÓ78mt[y|Ï {Ý, w}57vx{}Ó7$w5 v¹y|575ﬀw &uÓ78
























































SO(n) ↪→ SU(n) 7y|57V{896#7ﬀÏR89 A


















x2i−1 = Re(zi), x2i = Im(zi) i = 1, . . . , n.
8 #7ﬀÏR6
ηR
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£I7¡P¢¤£´¡UV¥[¢ ´¥]¦Wﬀ
£´¡! ¥[¢
8xé´8x5757÷y|Óv¹y! , Óﬀ5 #7ﬀÏR6é´89vx~RÏ$w8x{ÏR698x{Ï$w8x5u~R6





















(e1, . . . , e2n)
$ÓﬀÏ
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X ⊕X Ó #7ﬀÏR6G8x5
RtﬀÛﬀxÏR89yRRvxw6B{zyRp;8ﬀ8 gÛﬀw}~$578xè








c2k(ξC, (1 + i)XC) = e((ξC)R, (1 + i)XC)
= (−1) 2k(2k−1)2 e(ξ ⊕ ξ,X ⊕X)
= (−1)ke(ξ,X) ∪ e(ξ,X).
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X ⊕ Y Ó #7ﬀÏR638x5 $tﬀÛﬀxÏR89






R2k ×R2k → C2k






c2k(ξC, X + iY ) = (−1)ke(ξ,X) ∪ e(ξ, Y ).
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Mg >Ïv98Gy|Ó$¬< ÒÏy|pw}5ﬀ´ﬀ89²y|tﬀtﬀw}5ﬀ²~RÏR89
0 → Z → M̂g →Mg → 1 (?)























wzy;{zy²$ÓﬀÏÞ$89vx~$w53v¹y|575ﬀw &uÓ78 Mg,1 →Mg [5Üﬀ~$w8x5~Óﬀ578J8~R8x57$w5Üv98x5$
~$Ïy|{8Gﬀ8 Mg,1
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ﬀ8 Mg,1 *57Ó7nv957$~$Ï$Óﬀw}ÏR57nÓﬀ578 SU Ýt[y|Ïy|{}{6x{}wy|~$w5 w}~R8!ﬀ8
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Óﬀ5ﬃ6x{6x;8x5~Vﬀ8 Mg A y|tﬀtb8x{57B&uÓ78R5÷²y|tﬀtﬀw}5ﬀp~RÏR889R~ﬀ6#75ﬀw 8x5
Óﬀ~$w}{}wÊy|5~Óﬀ578ﬂv95ué´8x5~$w5/575Ó7$Ó78x{}{8;:













v957Rwﬀ6xÏR8xÏ*{Ý,-8x57R8xJﬀ{8 Psu(Tϕ) ﬀ8R89 SU Ýt[y|Ïy|{}{6x{}wy|~$w57VÔvÈÒ7t[y|Ïy|>Ïy|tﬀÛ78 G A J´Õ:
w}{ ¹,y|>w}~n , Óﬀ5 89Rt[yv98!yﬃﬂ;578ﬃy|Ó$Pﬀ89R$Ó7Xﬀ8
H3(Tϕ;Z) ' Z A y|tﬀtU8x{57 &uÓ78;{8
σ
Ýw}5uéy|Ï$wzy|5u~ﬀ6#75ﬀw}~Óﬀ578ﬀw Þ$89vx~$w5¬tﬀÏR6ÈÒ6xÏR698(8x5u~$ÏR8 Psu(Tϕ) 8x~ Z :















) +	3 /A;?/0>D3 2' 2' 
~R57 M̂g {Ý,-8x57R8xGﬀ{8!ﬀ89(v9Óﬀtﬀ{89 (ϕ, αϕ)  ϕ 89$~ﬂÓﬀ5
6x{6x;8x5u~²ﬀ8 Mg 8x~ αϕ 89$~nÓﬀ578 SU Ýt[y|Ïy|{}{6x{}wy|~$w5Ó ²y|tﬀtﬀw}5ﬀ¯~RÏR8ﬃyRRvxw6
Tϕ
:
M̂g = {(ϕ, αϕ) / ϕ ∈Mg, αϕ ∈ Psu(Tϕ)}.
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M̂g × M̂g → M̂g(
ϕ, αϕ), (ψ, αψ)
) 7→ (ϕψ, αϕ.αψ)
















































































































αϕ + αψ − αϕ.αψ ﬀ6#75ﬀw8÷$ÓﬀÏ
∂Mϕ,ψ = Tϕ ∪ Tψ ∪ −Tϕ.ψ 8tﬀÏR{5ﬀ´8   Mϕ,ψ ÔvÈÒ - ~  -./ G  Õ A


















































































I × Cϕ I × Cψ
 ^=v/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$>K&b)+
I × Σg
I × I × Σg
I × Cϕψ




















v9p;8nRÓ7 Ý>ÏRÓﬀtb8Xﬀ8 M̂g b89$~v98x5~$Ïy|{ÔvÈÒ - ~  Õy|w}57$w (?) 89R~Óﬀ578X8~R8x57Rw5
v98x5u~$Ïy|{8(ﬀ8 M̂g t[y|Ï Z A
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s0 : Mg → M̂g
ϕ 7→ (ϕ, αϕ,0).
#+9>&)917 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c0(ϕ,ψ) = 3
ÇÈÉ Í Mϕ,ψ =: 3τ(ϕ,ψ) ∀ϕ,ψ ∈Mg.





Ë×ÍﬀÇ Mg × Z 



































































σ(Tϕψ, αϕ.αψ) =< p1(TW

































Wψ − $w}>5 Mϕ,ψ.
Ñ^y|Ïv957R6&Ó78x5u~
σ(Tϕψ, αϕ.αψ) = σ(Tϕ, αϕ) + σ(Tψ , αψ) + 3
$w}>5 Mϕ,ψ.
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  $    ¨^£>¥& ¢¡Wﬃ#R¥&*£>ﬀ ¦Ý¥ hV &ﬃ5V¥ 	¥ ¡ 	 6ﬃ £Iﬃ¡Ý¥[¢ ¥ Mg,1
wzy;{zy²$ÓﬀÏÞ$89vx~$w5Üv¹y|575ﬀw &Ó78 Mg,1 →Mg ﬀ6#75ﬀw8J8x5 G A G ]{Ý,-8~R8x57$w5Üv98x5$
~$Ïy|{8
(?)
ﬀ8 Mg w}57Óﬀw}~VÓﬀ578(8~R8x57$w5¬v98x5u~$Ïy|{8Gﬀ8 Mg,1 :
0 → Z → M̂g,1 →Mg,1 → 1 (?′).

























M̂g,1 × M̂g,1 → M̂g,1(
(ϕ, αϕ), (ψ, αψ)
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X|∂Σg,1 = Y |∂Σg,1
$ÓﬀÏ




I × Σg,1 89$~pÓﬀ578vx{zyR8ﬃ ,-0Óﬀ{8xÏ
ÏR8x{zy|~$w}é´8
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< e(I ×TΣg,1, SX,Y ), [Dp] >= eX,Y .[Dp] = 1 ∀p ∈ KX,M .
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eX,Z = eX,Y + eY,Z
Ì9Î
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j Mg,1 ;   "!8 ﬀ)3ﬃM  " 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  ϕ∗X 	[ ? 
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(I×TΣg,1)0 ﬀ) > !	#

∂(I ×Σg,1) , -&!# Φ  :'
nm	 8 
$	: I ×Σg,1  ? 

















e(I ×TΣg,1,Φ∗SX,Y ) = Φ∗(e(I ×TΣg,1, SX,Y )) 
























  Mg,1 ﬀ)5E
R!a "  (Σg,1)  " 	Qﬀ " 	
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ϕ ∈Mg,1 ;  ? 










































































∂I × Σg,1 ⊂ Cϕ QCﬀ)ﬁﬀ'
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T(I ×Σg,1) ,V R(
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ϕ,ψ ∈ Mg,1 ,9 9ﬀ)










= eX,ϕ∗X + eϕ∗X,(ϕψ)∗X
= eX,ϕ∗X + eϕ∗X,ϕ∗(ψ∗X)
= eX,ϕ∗X + ϕ∗(eX,ψ∗X)
























































kY (ϕ) = eY,ϕ∗Y
= eY,X + eX,ϕ∗X + eϕ∗X,ϕ∗Y







































































τX : I × Σg,1 → I ×TΣg,1
(p, t) 7→ (t, (1− t)Xp + t(ϕ∗X)p).




























































































































Mg,1 → H1(Σg,1;Z) 	R ? 
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Mg,1 ×Mg,1 → Z





























































ϕ ∈ Mg,1 , W&ﬀ)$#&N: Kﬃﬀ)
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I × Σg,1 ×R2  ; Cﬀ) " #N
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I × Σg,1 × S1 ,ﬀ Q " 	






I ×Σg,1 #ﬀﬂ# S1 ,
r
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∂(I × Σg,1) Cﬀ)
8 X
	 {0} × Σg,1 ;
8 ϕ∗X
















































































































































$5 VX,ϕ ' KX,ϕ ×D2 Cﬀ).]ﬀ)
 " ﬀ)	
$
s := sX,ϕ∗X |VX,ϕ : KX,ϕ × ∂D2 → S1





S1 ↪→ S3 ,6 ﬀ  " 	
$ " 3 GF<




























sC : KX,ϕ × ∂D2 s //S1 ↪→ S3.
W 		
ﬀX {p0} × ∂D2 ; < p0 !K9T































X {p0} × D2 
$`X
KX,ϕ × D2 
J " 	
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 (VX,ϕ) jﬁﬀ& " 	
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$5  `#ﬀﬂ# {12} × Σg,1 ,jV

i = 0, 1
;












Vi X Ki × D2 ,  
 si 0 " 	
$	L' S3 >@? ( (ξC)0  ? 
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I ′ × I × Σg,1 ﬀ)
ﬀ#	
RNL  " 	(  K0  K1
$5  #ﬀﬂ# {0} × {12} × Σg,1





















































(I ′ × ξ)0 ﬁﬀ)	


















I ′ × I × Σg,1 P(O! K1 ∪ (−K0) ,
9
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H2({i} ×M, {i} × ∂M ;Z)
DP '
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p−1∗ kX(ϕ) [W ]
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{i} × I × Σg,1 , -&#&O#Kﬀ)$!Kﬀ	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I ′ × I M
ﬀ#'
: X ,'6 ﬀb " 	







s′ : I ′ × I × Σg,1 \ 















































































W × ∂D2 → S1
























s˜ : I ′ × I × Σg,1 → d ⊂ S3 N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 ; 		























(I ′ × ξC)0 N
T!$5  s N
 	 8 ! KX s0 ! {0} ×Σg,1 .X s1 	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0 → Z → M̂g,1 →Mg,1 → 1 (?′) :











































mˆX : Mg,1 → M̂g,1
ϕ → (ϕ,mX(Tϕ)).
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 Mg,1 &






















































!& Mg,1 ﬃ cX(ϕ,ψ) !.	 ? 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Z → M̂g,1 	 ? 
























 P5E!K M̂g,1 ﬃ








































































































































































	 {0} × C
ϕψ ;
8 βX(ϕ).βX (ψ)






























































T(I0 × Cϕψ), βstab
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T(I0 × Cϕψ), βstab
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, µI0×Cϕψ > .
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∂(I0 × Cϕψ) ∪ I0 × I × D2  " #	


























































































 −KX,ϕψ #ﬀ# {1} × {14} ×Σg,1 ; {1} × {34} ×Σg,1

















(I0 × ξ)0 	:Cﬀ)
8 X
	
(I0 × {0} × Σg,1) ∪ (I0 × I × ∂Σg,1) ;
8 (ϕψ)∗X
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p1(I0 ×T(I × Σg,1)), β′) = p1(I0 × ξ, s˜)
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ξ′ := I0 × ξ 












































































































h : I × S3 → S3(
t, (z1, z2)

























































 (V) s //S1 ∆ // S1 × S1
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s⊕ s ' S3 >@? (	 (ξ′ ⊕ ξ′)0
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∂Z \ 
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(V1) Z 	 , 


























) ∪ (∂Z \ 
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i = 0, 1
\
H2({i} × (I ×Σg,1), {i} × ∂(I × Σg,1);Z) DP' // H1({i} × I × Σg,1;Z)
H2(I0 × I ×Σg,1, I0 × ∂(I × Σg,1);Z) DP' //
'
OO



















e(ξ′, s|{i}×∂(I×Σg,1)) DP // p−1∗ kX(ϕψ)






















































cX(ϕ,ψ) = [W ] · [W+]
= [W ] · [W ]
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I0× I  
5,Cﬀ {0} × { 12}
X {1} × { 14}
Z


































































































































































































I0 × I × Σg,1 
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jgXR mR7LNR/V I*LUmR/LJXI*L(mRPOOgOP[jRPQ<Q<R
RPOfe aP^KWXd/LNRPhjeNRI  RPa
Q I mdXhX`CeN`<^#h mg_ I*JXJX`<hVa/kQl`<hXmLNR
R/e Q<R  IK`Ce jgXR
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[W ] · [W ] 
AX " ﬀ) " b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−I0 × {0} × d2 ﬃ " 4 ? 5E A ,DCX:#,
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cX(ϕ,ψ) = [W ] · [W ]
= −[KX,ϕ] · [ϕ(KX,ψ)]
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 dX : Mg,1 → Z ) I  )       	#ﬂ 	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 ﬀ g ≥ 3 ) dX   ﬂ ﬀ  >I  21  ﬃ   ﬃ  43   	ﬀ  F    (∗) 1
















































 	 M̂g,1  Mg,1 × Z '  8 	!^
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35E!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dY (ϕ) − dX(ϕ) 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K " X0
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Z := I2 × I1 × Σg,1 ﬀ)
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ξ′ := I2 × I1 ×TΣg,1 , r #	
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I2 × {0} × Σg,1 ∪ I2 × I1 × ∂Σg,1 ;
8 ϕ∗Y
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I2 × {1} × Σg,1 ;
8 X








































8 −c #ﬀ# {1} × { 14} × Σg,1 ;
8 KX
#ﬀ# {1} × {12} × Σg,1 ;
8 KY
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# {1} × { 34} × Σg,1 ,
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dY (ϕ) − dX(ϕ) = < p1(ξ′, s′), µZ >
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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(l1 ∪ l2 ∪ l3)×Σg,1 < l1 Z 	 , l2 ; l3 \ 	M 5E
. I2× I1  
5,Cﬀ
{(0, 12)}
X {(1, 14)} Z
!










[W−] · [W+] !s<





















dY (ϕ) − dX(ϕ) = −[−c] · [KX ]− [−c] · [ϕ(c)] − [KX ] · [ϕ(c)]
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 d˜ : Vg,1 → Z &















































































































































































































































































































γ) =  n
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Σg,1 ↪→ Σg ML
; <;>L









































































Iγ × S1 =_?u;>P]OUPG@BQJIG@BN[@BH
	MLUN	0;>NUPL	l9 γ 9<@<O Σg,1
LMSvi=
8 γ = {12} × S1 
;>=
γ = {1} × S1 OFP γ = ±∂Σg,1  r
8
S3 ;>NUPL[@BLUP]; DA@<;8P]i=09












fXγ : γ → S1





∗(σ), µγ > .
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i = 1, . . . , g.
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nXγ = 2h− 1.
235476(3

S <;>=<O:OU=  {LY9 	MLU=<9dPMNSJDA@>O














8 γ = {12} × S1
8
S3 ;>NUPL[@BLUP];DA@<;8P]i=9




























































































γ = −∂D2 r <;>=<O\;>X8L<;<O
nX∂Σg,1 = 1− (2− 2g)
























































































































Y |α  P ′ KOULa=DMSk@>OFO:9 9 =8SMN~NMSk@BLUPT? e(TP ′, Y |α) ic=8P ?	MNUP 5 
< e(TP ′, Y |α), µP ′ >= 2− 2h.
g ^@BI8NFKO\Sk@LUE	K;>NUP9:DK;<DcLUN[@BLUP];`9 ;>X<OULUNU=<DMLUP];sr <;>=<Oe@A?u;<O~S3 	MQ@BSTPTL	
ﬃ
< e(TP ′, Y |α), µP ′ >= − < e(Td1, Y |γ), µd1 > − < e(Td2, Y |γ′), µd2 > .
e;>LF;<O
lYγ :=< e(Td1, Y |γ), µd1 >
ML
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<OeS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Iγ × S1 9 γ ML~OF=8N Iγ × S1 IG@BN
τ : Iγ × S1 → S1



































β +  (β · γ) nXγ
R
 = ±1


















































































Σg,1 → S1 V   `IﬂM=8LfOU=8I8I;ROMNfi=RrSS];8Q69 Iγ × S1 rDMLULJ@BI8I8STP]DA@BLUP]; KOUL
98;	YIG@BN
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(Iγ × S1) → S1










β ∩ (Iγ × S1)  ﬃ
β ∩ (Iγ × S1) → S1




fXβ : β → S1




β : β → S1
x 7→ ∠(Iβ)x, ((τγ)∗X)x
 
bNMHl@BNFi=n@BS];>NFO~i=Rr<I;>=8NaLF;>=8L
x = (t, eiθ) ∈ β ∩ (Iγ × S1) r
f
(τγ)∗X
β (x) = e
inXγ (θ+2pit)

























β + (β · γ) nXγ .
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i = ±1 d c   
















































I × Σg,1 @BP<OUPi=S 5<X8N	 ?KDMLF;>NUPMSN	MS
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cLUP 5 MN~OF; KOUIG@>DeLF;>L[@BS

I ×Σg,1×R2 V g eHMH
Rr














Xγ : ∂(I × Σg,1) → S1
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∂(I2× Iγ×S1)
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MSZ;>X8Lc= IG@BN{NKOFLUNUP]DMLUP];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ξ
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gYα : α → S1
x 7→ ∠(Iγ)x, Yx
ML
gYβ : β → S1



























































DP (e(ζ0, Y )) = m
Y
β [β] ∈ H1(I2 × Iγ × S1;Z) ' Z[β].




















X˜γ : ∂(I2 × Iγ)× S1 → S1






























I2 × Iγ × S1 MLAr<IG@BN\9	y58PTLUP];sr=DK;>I8Pn9YSk@JDK;>=8NUX γ @BP<OUP
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X˜γ





Iγ×S1 r>PTSKOUL*E<;>H{;>LF;>I  S3^@BI8I8STP]DA@BLUP];
Iγ × S1 → S1








Iγ × S1 → S1











Iγ × S1 → S1



























































γ ) = −nXγ [γ] V
2
K/JJ  





































































γ) = 0  = ±1.
he@BI8IMS];<OYi= Vg,1 KOUL:=#OF;>=<O j QRNF;>=8I{9 Tg,1 V W-JLUE	K;>NFMH

































































































γ′ ) = n
X
γ [γ]− nXγ′ [γ′]

















































L[@BLM=8N:9 Tg,1 ﬁ ;>N [Tg,1, Tg,1] ⊂ Kg,1 r98;<DDMSk@ (<;>=<O:@BI8I;>NULIG@>OZ9 Pdxz;>N j
Hl@BLUP];_OU=8NfS3 y7dP]OUL<D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γ) =  (n
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ξ0 := (I ×TΣg,1)0 @B= j 9KOFOU=<Oe9 ∂(I × Σg,1) 9	y58PYI8N	KD	K9MHJH
cL ﬃ










































x1, . . . , x|nXγ | |nXγ |
I;>PcLFOY9dP]OULUP<DMLFO:9S3 PcL	MNUPM=8N9
({12} × Iγ) ⊂ I × Iγ) V
































T(I ×Σg,1) V 9 6Sk@I8NF;>S];8QA@L 6=fLUNUPT?cPk@BSTP]O}@BLUP];
DK;>HJI8Sy7~9
T(I×Σg) DK;>HJH
\@B=lIG@BN[@BQRN[@BI8EA V C V : ML/JP]9cLUP 5@L {0}×Σg


















































σ(Tτγ ,mX(τγ)) =< p1(TW , mX(τγ)  

	 ), µW > − 3 OUPTQ, W.
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τ˜ : Iγ ×D → Iγ ×D






I ×Hγ `P]9LUP 5@cL −{0} ×Hγ ML
{1} ×Hγ ?	Pk@ τ˜γ DK;>HJH
OU=8PTL ﬃ
















I × Iγ ×D/(0,x)∼(1,τ˜ (x))
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e eN^#gf^#g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I × D2
	 Q I-i #I-LN`ldceNd
I × Σg,1










Y− = I ×M/(0,x)∼(1,x) = S1 ×M
Y+ = I × Iγ ×D/(0,x)∼(1,τ˜ (x))
X0 = I × (D0 ∪ D1)/∼ = I × ∂Iγ ×D/∼
X− = S
1 × (M \ PcL (D0 ∪ D1)
X+ = I × Iγ × ∂D/∼
Z = I × (∂D0 ∪ ∂D1)/∼ = I × ∂Iγ × ∂D/∼
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< [S1 × {x0}]− [S1 × {x1}]; [{x} × ∂D0], [{x} × ∂D1] > OUP γ KOFLa=YDK;>=8NUXﬂO	MIG@BN[@L
< [S1 × {x0}]− [S1 × {x1}]; [{x} × ∂D0]− [{x} × ∂D1] > OUP<;
gf@<O~LF;>=<O~SKO~DA@>OAr



























σ(Tτγ ,mX(τγ)) =< p1(TWγ ,mX(τγ)  






























I ×Hγ MLwSKO|;>NUPcL[@BLUP];<OaI8N	yx 	MN	KO|9 I ML Hγ ﬃ <;>LF;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µ′Wγ
S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µWγ = −µ′Wγ .




















(THγ)|Σg = νS ⊕ TΣg.
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8Qb9 I ﬃ D, KOULY98;<D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LUNUPT?	Pk@BSTP]O[@BLUP];J9
I×νS V h MHl@BNFi=<;<O*ic= mX(τγ) I8NF;A?	PL9 =wLUNUPT?cPk@BSTP]O}@BLUP];
DK;>HJI8S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(I × νS)⊕ (TI × Σg)⊕ (I ×TΣg).
o
@BNZDK;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dX(τγ) = − < p1(TWγ ,m′X(τγ)    	 ), µ′Wγ > .





























	 RQik /Qih Ef 
3 
 PO
 k  











































Iγ ×D V  ";>=8Le9^@BX;>NF9 r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Iγ×S1 NMSk@BLUPT?MH
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L  Iγ×D DK;>HJH










Iγ×D V  S<9	MLMNUHJP\=a9	KDK;>HJI;ROUPTLUP];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η|Iγ×S1 = T(Iγ × S1)
ML


























X|γ  D V
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e(TD, X|γ) B   F 
< e(TD, X|γ), µD >= nXγ − 1































−1 LF;>=8N\IG@BN~N[@BI8I;>NUL  A r8;b;>X8LUPL
ﬃ
< e(TD, X|γ), µD >= nXγ − 1.
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∂(I ×Hγ) 9nOF;>NULni= m˜X(τγ) OYNKDK;>STSnS];>NFO













, µI×Hγ > .


































T(Iγ ×D) = ν ⊕ η P<9d=8PTL~Sk@{9	KDK;>HJI;ROUPTLUP];C9d=65<X8N	
T(I ×Hγ)|I×Iγ×D = T(I × Iγ ×D) = (TI × Iγ ×D)⊕ (I × ν)⊕ (I × η).
 
1DK;<OUP]9	MN:Sk@OKDMLUP];C9
P(T(I ×Hγ)C) 9	y58P@B= j 9KO[OU=<O~9
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<DMP]9@K?KD1Sk@#OKDMLUP]; 9
PT(I × Hγ)C 9	y58P1DMP j 9KOFOU=<OmOU=8N
{0}× Iγ ×D S];>NFO9d=mNKDK;>STSMH
L?>   mNMHl@BNFi=fic= τγ @BQRPTLLUNUPT?cPk@BSMH
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cL\OU=8N
SKOnDFEG@BHJI<O9J?KDMLM=8NFO N ML I
V
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P(T(I ×Hγ)C) @B= j
9KO[OU=<O~9
∂(I ×Hγ) i=8P I8NF;>S];8Q mX(τγ) ML~ic=8P ?	MNUP 5 





























































I × Iγ ×D V
W"@l9dPTNKDMLUP];I8N	yx 	MN	n9
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MLeSnDFEG@BHJI_9n?KDMLM=8NFO N P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LUP];<O\9
P(TI × Iγ ×D) ML P(I × ν) NKOFIﬂKDMLUPT?MH
cLZ@BP<OUP"ic=- =:P  KDMLUP];
(I × η)0 ↪→ P(T(I × Iγ ×D))
MLAr<IG@BNaIG@>OFO[@BQ@B=bDK;>HJI8S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OKDMLUP];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@B=<O[OUP
dX(τγ) = − < p1
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(I × η)C, S˜
)
, µI×Iγ×D > .
 3 )   
 
dX(τγ)
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(I × ηC)0 ' −(I × η ⊕ I × η)0.
g 	KDK;>HJI;ROF;<O:SX;>NF9




∂(I × Iγ ×D) =
(
∂(I × Iγ)×D
) ∪ (I × Iγ × ∂D).
he@BI8IMS];<O DK;>HJH














I × Iγ × ∂D I8NUPT?	 9KO2DK;>=8NUXKO Li =  {xi} × ∂D r
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∂(I × Iγ)×D S];>NFOFic= nXγ = 1
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(−{0}× Iγ ×{yj})∪ (I × ∂Iγ ×{yj})∪ ({1} × τγ(Iγ ×{yj}))
)
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9
(I × η)0 @BP<OUP9	y58P 9ME<;>NFO9 = ?u;>P]OUPG@BQ0N	MQR=8STPMN V 90S3 LUNMSk@>DKO
L
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(y7dL<OUP];`9d=1DK;>HJI8Sy7	P 5 	n9 S DK;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LIG@BN
N[@BI8I;>NUL
 L SfS];8Ql9 V ' L×D2
V

;<OUP]9	MNF;<O:9M=d7CDK;>I8PKOf9dP]O U;>PLKO L− ML L+ 9nS3 LUNMSk@>DKO L 9<@<O V ML
<;>LF;<O W− ML W+ 9KO?u;>P]OUPG@BQKO|N	MQR=8STPMNFO|9fDKODK;>I8PKOa9<@<O V V    OU=8I8I;RO
ic=lDKO9MN 8PMNFOOF;L9dP]O U;>PLFO
Vvo
@BNN	MLUN[@>DMLUP];sr S O{I8NF;>S];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 9ME<;>NFO9
E CT
{1} × Iγ ×D
{0} × Iγ ×D
I
Iγ
I × {1} × D












W−  NKOUI V W+  6=OKDMLUP]; S−  NKOUI V S+  V
W-KO:DFEG@BHJI<OY9?KDMLM=8NFO#<;_OUP8QR=8STPMNFO S− ML S+ 9	y58P]OFOL:=OKDMLUP];
S− ⊕ S+ 9 (I × η ⊕ I × η)0 @B= j 9KOFOU=<O 9 ∂(I × Iγ × D) DK;<OUL[@cLIG@BN
N[@BI8I;>NUL









(I × η ⊕ I × η)0 P<9d=8PTL69 S˜ ?cPk@CS3 P]OF;>H{;>NUI8E8P]OFH

(I×ηC)0 ' (I×η⊕I×η)0 VRo =8P]OFic=DML*P]OF;>H{;>NUI8E8P]OFH
aN?MNFO|S3 ;>NUPcL[@BLUP]; ﬃ
c2(I × ηC, S˜) = − e(I × η ⊕ I × η , S− ⊕ S+)
= − e(I × η,S−) ∪ e(I × η,S+)
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e(I × η,S±) ?cPTL9<@<O=29M=d7dP]MH
{QRNF;>=8I{9
DK;>E<;>H{;>S];>QRP NMSk@BLUP xUr S± OlI8NF;>S];8Q 9ME<;>NFOJ9 = =8P]; U± 9 OU=8N x@>DKO
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MN S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9
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e(I × η,S−) ∪ e(I × η,S+) NM?	P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MN6S3 PcLMNFOKDMLUP];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U− · U+ Vao =8P]OFic= U− ML U+ OF;cLb9KO6=8P];<Ob9#OF=8N xz@>DKO69  MP x MNULbI8S]; j
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I × Iγ × D ' D4 98;cL{SKO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<O
∂(I × Iγ ×D) ' S3 r8S3 PcLMNFOKDMLUP];#@BSTQ	MX8NUP]i= U− · U+ KOUL\98;	nIG@BN\S3 8Sk@ j
DMH
cLe9KOﬁcLUNMSk@>DKO L− · L+ 9<@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K−j · K+l .
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N
L−i · L+k = 0 ∀i, k
L−i · K+j = K−j · L+i = −′ ∀i∀j = 1























γ − 1)− (nXγ − 1)2






r<@BS];>NFO L− ML L+ OF;L\9M=d76DK;>I8PKO\9 =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r<@BS];>NFO L− ML L+ OF;L\9M=d76DK;>I8PKO\9 =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Li = −{xi} × S1 j = 1, · · · , |nXγ |,
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j = 1, · · · , |nXγ −1|.
W-KO~DK;>=8NUXKO Kj OF;cL~NMI8N	KOcL	KOe9<@<OaSk@n5<QR=8N : V E : V
I × {1} × D
I × {0} × D
{1} × Iγ ×D
Iγ
I




















L−i · L+k = 0 ∀i, k = 1, · · · |nXγ |
L−i · K+j = K−j · L+i = ′ ∀i = 1, · · · |nXγ | ∀j = 1, · · · |nXγ − 1|





γ ) = −2nXγ (nXγ − 1) + (nXγ − 1)2










dX(τγ) = 4h(h − 1) V
E CX:
  (
    
nn8

 !2$+_*),+ %& ).ﬂ*$ %&
	  - ! % 
d+ !2-($ !(*),+ .






 !#$+_*) + $+ !#- * ! ).ﬂ*
%& 	  - ﬁ ) &- ) ),-(% 
% 
d4&)  ) *) *
gf@<ODDFEG@BI8PTLUNRr
Σ
OMN[@ =OU=8N x@>D(;>NUPcL	 92Q8N
g
O[@<O`X;>NF9










































H3(M,∂M ;Z) ' Z
V
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X8S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	Z9 =eX8P  KDMLUP];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cLUP 5 	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I ×Σ IG@BNa=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< e(TΣg), µΣg >= 2− 2g.
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 ;>X8LUP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L Sk@ DMSk@>OFO 9 =8S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e(ξ|Σ+) ∈ H2(Σ+;Z)
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η⊥W = νW ⊕ ξW
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AW OF;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< e(ξW |Σ+), µΣ+ >=< e(ξW |Σ−), µΣ− >= 2− 2g V  
6IM=8L|98;<D
OU=8I8I;ROMN~i=
ξW |N = TN ML\ic=- PTS-y7dP]OUL:=bDFEG@BHJI`9:?KDMLM=8NFO~LMHJI<O
NN OU=8N N LMSic=\Sk@n9	KDK;>HJI;ROFPTLUP];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6OF;>HJH
Z9 
 E8PTL  mi=- PTSP<9d=8PTL
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TN = νN ⊕ (ξW )|N .
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H3(TM ,Z) ' Z V he@BI8IMS];<O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H3(M,∂M ;Z) ' Z
V
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<OSk@1I8NF;>I;ROFPTLUP];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σ : Psu(TM ) → Z   [Kz   K0 KR0 GŁ   σ j P?R@BNUPk@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M ∪ (I × Σg) #NKDK;>STSk@L Σ+M
@K?KD −{0} × Σg ML −Σ−M




































I × Σg I8NFKOArtIG@BNJ= y7	L<OFP]; 9 X˜  TM V Z;>LF;<O
Psu(TM , X˜) S3 <OMHnX8Sb9KO SU j IG@BN[@BSTS	MSTP]O[@BLUP];<O09 TM NMSk@BLUPT?KO  X˜ V
























Psu(TM , X˜) → Psu(M,X) i=8P KOUL@
0@B= j 9KOFOU=<O9JS3 P]OF;>H{;>NUI8E8P]OUH
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9 y7dDMP]OFP];
H3(TM , I × Σg;Z) → H3(M,∂M ;Z) V Z;>=<O:;>X8L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@BP<OUP




H3(TM ;Z) → H3(M,∂M ;Z) V
W"@_X8P  KDMLUP];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c?u;>P:Sk@DMSk@>OFO:9 α





P?R@BNUPk@LfNMSk@BLUP x r 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H∗(I ×M,M ′;Z) KOUL 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I × TM ;>X8L=`9 I × M  P]9LUP 5@cL I × (−Σ−M)
@A?KD











P(I ×TTM )C V γ P<9d=8PTLa=\E<;>H{;>LF;>I8P cLUN
γ0 := γ|{0}×TM
ML





















σ(TM , γ0) = σX0(M,α0)





































































































































































































































































































H3(M,∂M ;Z) → H3(M,M ∪ (I ×D2);Z) → H3(M,∂M ;Z).
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I ′× I×∂D2 MLqIﬂM=8L MLUNaNKDK;>STS	  Sk@:OKDMLUP];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(P(I ′ ×TM)C)|I′×M DK;<OUL[@cLYSfS];8Ql9 I ′ MLaP<9d=8PTLIG@BN α V
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TW = ν⊕ζ ; ν ML
ζ := ν⊥






































































































P]9	LUP 5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∂W ′ = TM ∪−TN V






























ζ ′|TM = TTM ,
ζ ′|TN = TTN .
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σ(TM , γM ) = σr(M,αM ),






























σ(TM , γM ) = < p1(TZ
′ , γM ), µZ′ > −3 OUPTQ  Z ′,
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σ(TM , γM ) = σ(TN , γN ).
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 } Psu(TM ) M Psu(TN )     }A  B8-T σ  <B  z>G 
Psu(TM ) σ //

Z
Psu(TN ) σ // Z








<OMHnX8S Ĥ(Σ)X KOUL S



















σr(M,αM ) = σr(N,αN ).
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W qX8=8L KOUL*9	 H{;LUNMNic=
σr(M.N,αM .αN ) = σr(M


























































































W ∪ Z `P]9	cLUP 5@L I × Σ+M ⊂ W
@A?KD
I ×Σ−N ⊂ Z
	MSTSY@I;>=8NaX;>NF9














































Ĥ(Σ)X × Ĥ(Σ)X → Ĥ(Σ)X(
(M,αM ), (N,αN )










(I × Σ, α0) ; α0 KOULnSk@bDMSk@>OFOﬂ{9ﬀ
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i //Ĥ(Σ)X //H(Σ) //1 (∗)
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P!<9d=8PTL=	P]OF;>H{;>NUI8E8P]OFHa9	wQRNF;>=8IﬁKO Ĥ(Σ)X → Ĥ(Σ)X′ N<9<@cL
SKO y7	L<OUP];<O\D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Σ = Σg,1 V
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ŝ0 : Hg,1 → ĤXg,1
M 7→ (M,α0M )
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H(Σ) ŝ0 // Ĥ(Σ)X
'

H(Σ) ŝ0 // Ĥ(Σ)X′
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I2 × {0} × Σg





−I2 × I1 × Σg


























































KOULaP]OF;>H{;>NUI8En@B=bQRNF;>=8I H(Σ)× Z H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?R@BNUPML −I2 × I1 × Σg MLmSKO OF;>=<O j ?R@BNUPMLKO
































−I2 × I1 ×Σg,1
I2 × {0} ×Σg,1


























































I2 × I1 ×Σg DK;<OFL[@L:SZS];8Q
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−MM,N SKOa?R@BNUPMLKO ZM S:S];8Q09	 TM ML ZN SfS];8Ql9	 TN V
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< p1(TW,αM .αM ), µW >=< p1(TZM , αM ), µZM > + < p1(TZN , αM ), µZN > .
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I2 × {0} × Σg
















ĉ0(M,N) = σr(M.N,αM .αN )























 H(Σ)× Z   < -T - >qc /    8
(M,m).(N,n) = (M.N,m+ n+ 3
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Z;>=<O <;>=<O OMNU?	PTNF;<O 9d=JLUEK;>NFMH
9	 2@BSTS8I;>=8NDA@BS]DM=8SMN Sk@ZOUPTQ G@BLU=8Na9	Sk@ 
j
?>@BNUPML MM,N V W |I8NUP!<DMPTI|9	aDMLUL
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^@BNULUP]DMS 7 2@ ; ML\I;ROF;<O
Y− = −I2 × I1 × Σg ML Y+ = I ×M.N.
e;>LF;<O
Ia = −I2 × {0}






Ic = I2 × {1}
Id = {0} × [0, 3
8
]
Ie = {0} × [ 5
8
, 1]





I × M.N @K?KD −I2 × I1 × Σg ML
Z = ∂X0 V  
 <;>LMN[@_@BS];>NFO 
X− := ∂(−I2 × I1 × Σg) \ P!L (X0) ML X+ =
∂(I ×M.N) \ P!cL (X0) V
 
=8LUNMHcLe9dPTL
X0 = Ia × Σg ∪ Ib × Σg ∪ Ic ×Σg
= Ia × Σ−M ∪ Ib × Σ+M ∪ Ic × Σ+N
Z = ∂Ia × Σg ∪ ∂Ib × Σg ∪ ∂Ic ×Σg
X− = Id × Σg ∪ Ie × Σg ∪ If × Σg
X+ = −{0} ×M.N ∪ {1} ×M ∪ {1} ×N.
o
;>=8N
 = 0, 1
ML
α = a, b, c
r <;>LF;<O
γαi , i = 1, . . . , 2g,
=	 O  dOULFMH 9	
QMN[@BLM=8NFOZ9	





i ,  ∈ {0, 1}, α ∈ {a, b, c}, i ∈ {1, . . . , 2g} >
A = Ker(H1(Z;Z) → H1(X0;Z))
= < γ1αi − γ0αi , α ∈ {a, b, c}, i ∈ {1, . . . , 2g} >
B = Ker(H1(Z;Z) → H1(X−;Z))
= < γ0bi − γ1ai , γ0ci − γ1bi , γ0ai − γ1ci , i ∈ {1, . . . , 2g} >
C = Ker(H1(Z;Z) → H1(X+;Z))
= < γ0bi − [(i−M )−1∗ (i+M )∗]γ1ai , γ0ci − [(i−N )−1∗ (i+N )∗]γ1bi ,













A ∩ (B + C)
(A ∩B) + (A ∩BC) = {0}.
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I ×Σg,1 V W 
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∂(I × Σg,1) ?	JI865,7;

X
.<D; {0} × Σg,1 A

Y
.<D; {1} ×Σg,1 A

X|∂Σg,1 = Y |∂Σg,1
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I × Σ ,E?TOQ9PD	k?	>1>CEOP6ﬁCW.8:9<8MC 
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ĥMX,Y : Eul(M) → H1(Σg,1;Z).
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DP (e(ξM , S
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[\D {0} × Σ−M = Σ−M
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< e(ξM , S
M
X′,Y ′), µM > = < e(I ×TΣ−, (j−M )∗SX′,X), µI×Σ− >
+ < e(ξM , S
M
X,Y ), µM >
+ < e(I ×TΣ+, (j+M )∗SY,Y ′), µI×Σ+ > .
	,7;a1>C/.>[\D@9BA
ĥMX′,Y ′(E) = ĥMX,Y (E) + eX′,X − (i−)−1∗ i+∗ (eY ′,Y ).
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5 E \
Eul(M) >p 	 ŁT #-  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TM = ν ⊕ ξ.
egCE9C/. E 0L,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< e(ξ, s), µσ >= n
Q9




































































































0Q;;Q0L,79<8:G>.P,E..C`1Q8>.,7DT_ 135,7OP6/.?	jG>1Q9QD;.9QOP6/. N Q9 N ′ X 	,7;P1>C/. {
[\D@9BA/CED/.aCES9/C/.a?/,/.0R1B,E.~VQ;4,70rA

















































 	  	 <ELj~ + " 	  	 - 	 /W  	 <H5  4 - 	 
-:|#-H 	  @  	 <E jP,+ " 	  	 - 	 /ErEŁ` sŁ ﬁ J B$ > 	    	 / >Łc5 -:J








































∂W = M ∪−N A
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ĥMX,Y (EM ) = ĥNX,Y (EN )





C EM Q9 EN .4C@9j0>.|.<9<;<D/1Q9<D;>.|?ﬀ





































































HEg,1 × HEg,1 → HEg,1(
(M, EM ), (N, EN )
) 7→ (M.N, EM .EN )
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NI×M 1>CE;<;>.<6C/?"m0L,?T8:;>1Q9<8MCk6;Jq Q;Z?	 I ×Σ− Q9~,7Dk135,7OP6k?	ZG>1Q9QD;.
NM .(−NM ) .D; M.(−M) Xv+ﬃ
],76;^>.|0F0QOPOu6;>1>?	@9BAs0L,=S8 >1Q9<8MC @9<;






 ﬂzﬁ45 )  -
5











6;>1>?	\9 Q9 /CE94,7OPO@9	0v0QOPO TX

X TA /CED/. 6CEDGHC/.)?	JI8:;zD	(,7660:8M1B,79<8MC
k̂X : HEg,1 → H1(Σg,1;Z)























(M, i±M ) → (i−M )−1∗ ◦ (i+M )∗








HEg,1 ×H1(Σg,1;Z) → H1(Σg,1;Z)(














Ł ﬃ #"`b@cE$ >yJŁ`4  	  J 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Σg,1
4
8+  -   H 	 
k̂X : HEg,1 → H1(Σg,1;Z)
QgŁ  " 	  	  	  "@ j  Q 	 L    	 Ł`
-0+   > 	 u@ HEg,1
JŁ\
H1(Σg,1;Z) 
 	 Ł\K 	 Ł\  #-  U 5 
(M, EM ) Q (N, EN ) \
HEg,1 
k̂X(M.N, EM .EN ) = k̂X(M, EM ) +M.k̂X(N, EN ).
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TM = νM ⊕ ξM Q9 TN = νN ⊕ ξN .
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60MCV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DP (e(ξM.N , XM.N )) = (jM )∗DP (e(ξM , XM )) + (jN )∗DP (e(ξN , XN ))
= (jM )∗(i
−
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M )∗bkX(N, EN )








k̂X(M.N, EM .EN ) = k̂X(M, EM ) + (i−M )−1∗ .(i+M )∗k̂X(N, EN )
= k̂X(M, EM ) +M.k̂X(N, EN ).
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c˜0 : HEg,1 × HEg,1 → Z(
(M, EM ), (N, EN )
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